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Topological superconductors are novel classes of quantum condensed phases, characterized
by topologically nontrivial structures of Cooper pairing states. On the surfaces of samples
and in vortex cores of topological superconductors, Majorana fermions, which are particles
identified with their own anti-particles, appear as Bogoliubov quasiparticles. The existence
and stability of Majorana fermions are ensured by bulk topological invariants constrained by
the symmetries of the systems. Majorana fermions in topological superconductors obey a new
type of quantum statistics referred to as non-Abelian statistics, which is distinct from bose and
fermi statistics, and can be utilized for application to topological quantum computation. Also,
Majorana fermions give rise to various exotic phenomena such as “fractionalization”, non-
local correlation, and “teleportation”. A pedagogical review of these subjects is presented.
We also discuss interaction effects on topological classification of superconductors, and the
basic properties of Weyl superconductors.
KEYWORDS: topological superconductor, unconventional superconductivity, Majorana fermion, non-
Abelian statistics, Andreev bound state, quantum computation, Weyl superconductor
1. Introduction
Topology in condensed matter physics has a long history. It plays an important role in
the classification of topological defects in condensed matter systems, such as vortices, dis-
locations, and disclinations, i.e. non-trivial textures in real space configurations. In 1982, a
milestone was achieved by Thouless, Kohmoto, den Nijs and Nightingale, who found an in-
timate relation between topological invariants and the Hall conductivity in the quantum Hall
effect.1, 2) This was the first example of topological nontriviality realized in bulk quantum
solid state systems, which is the origin of the notion of topological phases. In contrast to
topological textures in real space mentioned above, topological phases are characterized by
nontriviality in the Hilbert space of quantum states. In the last decade, remarkable advances
have been achieved in this direction. After pioneering works by Haldane3) and Volovik4) for
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the quantum Hall effect state and the superfluid 3He, respectively, Kane-Mele’s celebrated
papers initiated the exploration of topological phases in band insulators.5, 6) Since then, the
notion of topological phases has been extended to various other systems, including super-
conductors, magnets, and correlated electron systems.7–9) For topological superconductors,
a nontrivial structure arises from the phase winding of superconducting order parameters in
momentum space. This can be regarded as a natural extension of a vortex of the superconduct-
ing order to momentum space. One of the most important consequence of such topologically
nontrivial structures in superconductors is the existence of Majorana fermions, which are
zero-energy Bogoliubov quasiparticles.10–13) Because of particle-hole symmetry of supercon-
ducting states, a zero-energy single-particle state must be the equal-weight superposition of
an electron and a hole. This implies that the Hermitian conjugate of this state is the same as it-
self; i.e. a particle is identical to an anti-particle, which is a signature of a Majorana fermion.
In topological superconductors, the Majorana zero-energy state is realized as an Andreev
bound state at the surfaces of samples and in vortex cores. An important point here is that the
Majorana zero-energy state is protected by the bulk topological non-triviality of the Hilbert
space (the momentum space), and is not affected by extrinsic factors such as conditions of sur-
faces, impurities, and crystal imperfection. This is in contrast to Andreev zero-energy bound
state realized at the surface of d-wave superconductors, which is sensitive to the direction of
the surface.
Majorana fermions in topological superconductors give rise to various exotic phenomena.
In this review, we discuss several representative phenomena: (i) non-Abelian statistics, (ii)
“fractionalization” and the 4π-periodic Josephson effect, (iii) nonlocal correlation, and (iv)
thermal responses. Non-Abelian statistics is a novel quantum statistics distinct from Fermi
and Bose statistics.14–17) Thus, Majorana fermions in this context are not usual fermions.
Also, they are different from Abelian anyons in the fractional quantum Hall effect, which are
characterized by fractional charge. The most important feature of non-Abelian statistics is that
the exchange operations of particles are not commutative, and the state depends on the order
of the exchange operations. This peculiar property stems from the topological degeneracy
associated with Majorana fermions. It has been proposed that particles obeying non-Abelian
statistics can be utilized for the realization of fault-tolerant quantum computation, which is
expected to be dramatically robust against decoherence from the environment. This scheme is
called topological quantum computation.18) Because of the possible technological application
in the future as well as the importance of its fundamental concept, the non-Abelian statistics
is one of the most intriguing features of Majorana fermions. However, its experimental real-
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ization and detection are still the most important open issue.
Majorana fermions in topological superconductors behave as if they emerge from the
splitting of electrons into two parts.19) In fact, in the second quantized language, an elec-
tron field is complex, while a Majorana field is real, and two Majorana real fields can be
combined into a complex fermion field for an electron (or a hole). Thus, the emergence of
Majorana fermions in topological superconductors can be regarded as the ”fractionalization”
of electrons. Actually, the fractionalized character of Majorana fermions appears as the 4π-
periodic Josephson effect.20, 21) In this effect, the Josephson tunnel current mediated via two
Majorana fermions carries charge e, not 2e: i.e., a Cooper pair with charge 2e splits into two
Cooper pairs of Majorana fermions with charge e. The fractionalized character also results in
the non-local correlation of two Majorana fermions.22–25) Two spatially well separated Ma-
jorana fermions exhibit a certain type of long-range correlation which is independent of the
distance between them, and a phenomenon similar to teleportation can occur. These distinct
features of Majorana fermions, fractionalization and non-local correlation, have not yet been
experimentally established.
As mentioned before, a Majorana fermion in topological superconductors is realized as
the equal-weight superposition of an electron and a hole. Thus, its topological character does
not appear in charge transport. However, since energy is conserved, heat transport phenomena
can be used for the characterization of topological responses. In fact, the quantum thermal
Hall effect can occur in a topological superconductor with broken time reversal symmetry.
The heat current is carried by Majorana surface states. At sufficiently low temperatures, the
T -linear coefficient of the thermal Hall conductivity is quantized, reflecting the total number
of chiral Majorana modes carrying the heat current.
The organization of this paper is as follows. In Sect. 2, we introduce the basic concepts
of topological superconductors, and in Sect. 3 we discuss the classification of topological
phases of superconductors based on the symmetry of systems, and present topological invari-
ants characterizing distinct topological phases. We also discuss the classification of topolog-
ical defects such as a vortex which plays an important role in superconductors. In Sect. 4,
we explain the fundamental properties of topological superconductors, particularly focusing
on the case with broken time-reversal symmetry, for which typical features such as Majorana
surface states emerge. We also present various scenarios for the realization of topological
superconductors in materials. In Sect. 5, we overview candidate materials of topological su-
perconductors, mentioning the current state of experimental researches. From Sect. 6 to Sect.
9, we discuss exotic phenomena caused by Majorana fermions. In Sect. 6, we review the
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Table I. Various Andreev bound states and corresponding topological numbers.
Energy dispersion Chiral Helical Conical Flat
(E = cky) (E = ±cky) (E = ±c
√
k2x + k2y ) (E = 0)
Topological number TKNN number Kane-Mele’s Z2 number 3D winding number 1D winding number
Related materials Sr2RuO4 Noncentrosymmetric SCs 3He-B High-Tc cuprates
E EE
E kyky ky
ky
kx
(a) (b) (c) (d)
Fig. 1. (Color online) Edge and surface states in topological superconductors. (a) Chiral Majorana edge mode.
(b) Helical Majorana edge mode. (c) Helical surface Majorana fermion. (d) Flat edge mode.
non-Abelian statistics of Majorana fermions in topological superconductors. We introduce
the basic ideas of the non-Abelian statistics of Majorana fermions, and discuss possible ex-
perimental detection schemes for this intriguing phenomenon. In Sect. 7, we consider the
4π-periodic Josephson effect, and in Sect. 8, we overview the non-local correlation effects
of Majorana fermions such as ”teleportation”. In Sect. 9, the thermal responses of Majorana
fermions are discussed. In Sect. 10, we present an elementary introduction to topological
quantum computation utilizing Majorana fermions. In Sect. 11, the recent development of
our understanding of interaction effects in topological superconductors is reviewed. In Sect.
12, we overview the basic properties of Weyl superconductivity, which is another topological
phase of superconductors, characterized by the existence of Weyl fermions as bulk gapless
quasiparticles. The chiral anomaly associated with Weyl fermions gives rise to various exotic
phenomena.
2. Topological Superconductors
2.1 Andreev bound states
Through the study of unconventional superconductivity, it has been recognized that some
unconventional superconductors may support surface bound states called Andreev bound
state.26) For instance, chiral p-wave superconductors, which are considered to be realized in
Sr2RuO4, host Andreev bound states with a linear dispersion, as illustrated in Fig. 1(a). Be-
fore the recent study of topological superconductors, however, such Andreev bound states had
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been understood, on a case-by-case basis, as a result of interference between quasiparticles
due to the Andreev reflection. Recent development of topological superconductors provides
a unified topological viewpoint for these Andreev bound states, which has been obtained by
using analogy between the Andreev bound states and edge states in quantum Hall effects.27)
Indeed, it has been known that quantum Hall states also have gapless edge states similar to
the Andreev bound states in chiral p-wave superconductors.4, 10)
For quantum Hall states, the existence of edge states has been understood as a conse-
quence of the intrinsic topology of the system.28) First, for a bulk quantum Hall state with-
out a boundary, the Hall conductance σxy is given by a topological number νTKNN called
the Thouless-Kohmoto-den Nijs- Nightingale (TKNN) number (or the first Chern number in
mathematics),1, 2)
σxy =
e2
h νTKNN, (1)
where e is the unit charge of an electron and h is the Planck constant. On the other hand, if
the quantum Hall state has a boundary, the Hall conductance is given by
σxy =
e2
h N, (2)
with N the number of edge states on the boundary.27) Because these two different equations
express the same quantum Hall effect, the bulk topological number νTKNN should be the same
as N,
νTKNN = N. (3)
Thus, we can understand the existence of edge states, i.e., a nonzero value of N, as being
a result of a nonzero value of νTKNN. Generally, such a relation between bulk topological
numbers and gapless boundary states is called “bulk-boundary correspondence”.
Remembering the similarity between Andreev bound states and edge states in quantum
Hall states, one can naturally expect a similar correspondence for the Andreev bound states.
Actually, even for chiral p-wave superconductors, we can define the TKNN number for the
bulk systems without boundaries, which yields |νTKNN| = 1 (or |νTKNN| = 2 if the spin degrees
of freedom are taken into account). Similarly to quantum Hall states, the existence of the edge
state in chiral p-wave superconductors can be explained by the intrinsic topology of the bulk
systems.4, 10)
Depending on the symmetry of the system, Andreev bound states may have different en-
ergy dispersions from that in Fig. 1(a). From the viewpoint of the bulk-boundary correspon-
dence, these differences result from differences in the corresponding topological numbers.
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For instance, Andreev bound states with a flat dispersion exist on the (110) surface of high-Tc
cuprates (Fig. 1(d)).29–31) In this case, the corresponding topological number is not the TKNN
number but the one-dimensional (1D) winding number.32) Furthermore, on surfaces of the
superfluid 3He-B, Andreev bound states appear with conical dispersion (Fig. 1(c)),33) whose
corresponding topological number is the three-dimensional (3D) winding number.34–36) We
summarize the relation between various Andreev bound states and the corresponding topo-
logical numbers in Table I.
Superconductors with nonzero bulk topological numbers are called topological supercon-
ductors. The existence of gapless Andreev bound states on their surfaces is one of the pieces
of direct evidence for topological superconductivity.
2.2 Majorana fermions
As mentioned above, there is a similarity between Andreev bound states and edge states
in quantum Hall states. What is the difference between them?
The most important difference is that Andreev bound states do not carry definite charges,
whereas edge states in quantum Hall states do. In superconducting states, an electron can
become a hole by the formation of a Cooper pair ( see Fig.2 ). Therefore, fermionic excitations
in the superconducting state are naturally expressed as a superposition of an electron cσ(x)
and a hole c†σ(x),
Ψ(x) =

c↑(x)
c↓(x)
c†↑(x)
c
†
↓(x)

. (4)
Since an electron and a hole have an opposite charge, the quasiparticle cannot have a definite
charge.
The wave function in Eq. (4) satisfies
Ψ∗(x) = τxΨ(x), (5)
where τx is the Pauli matrix in the Nambu space. This equation implies that the quasiparticle
Fig. 2. An electron (black circle) becomes a hole (white circle) by the formation of a Cooper pair.
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Table II. Symmetry of superconductors (SCs) and the relevant topological numbers. The third to fifth
columns indicate the absence (0) or presence (±1) of time-reversal symmetry (TRS), particle-hole symmetry
(PHS), and chiral symmetry (CS), respectively, where ± denotes the sign of T 2 and C2. The topological invari-
ants, Z(γgeom)2 , Z
(TKNN)
, Z(γgeom/2)2 , Z
(3dW)
, and Z(1dW) are given by Eqs. (17), (19), (20), (23), and (38), respectively.
Z(KM)2 is the Kane-Mele’s Z2 number.
AZ class TRS PHS CS d = 1 d = 2 d = 3
Spinful or Spinless SC D 0 +1 0 Z(γgeom)2 Z
(TKNN) 0
Spinful SC with TRS DIII -1 +1 1 Z(γgeom/2)2 Z
(KM)
2 Z
(3dW)
Spinful SC with SU(2)-SRS C 0 -1 0 0 2Z(TKNN) 0
Spinful SC with SU(2)-SRS+TRS CI +1 -1 1 0 0 2Z(3dW)
Spinless SC with TRS BDI +1 +1 1 Z(1dW) 0 0
Ψ(x) is essentially the same as its antiparticle Ψ∗(x). Such a self-conjugate property is not
seen in ordinary fermions. This self-conjugate condition is called the Majorana condition
because a class of fermions named Majorana fermions satisfies this condition.
Majorana fermions are Dirac fermions satisfying the self-conjugate property. Originally,
they were introduced as an elementary particle.37) As discussed in the above, all quasipar-
ticles in superconductors, i.e., even those in conventional s-wave superconductors, satisfy
the Majorana condition. Furthermore, surface Andreev bound states have linear dispersions,
and thus their effective Hamiltonian is given by the massless Dirac Hamiltonian. Hence, An-
dreev bound states can naturally be considered as Majorana fermions in condensed matter
physics.10, 38)
3. Symmetry and Topology
In this section, we discuss the classification of topological superconductors based on the
symmetry of systems.35, 39–41) As will be seen below, particle-hole symmetry and time-reversal
symmetry play crucial roles. We also present topological invariants which characterize dis-
tinct topological phases. In Sects. 3.2 and 3.3, we discuss generic spinful cases, and consider
the case with spin-rotation symmetry in Sect. 3.4 and the spinless (or fully spin-polarized)
case in Sect. 3.5. The case with additional crystal symmetry such as mirror reflection sym-
metry is discussed in Sects. 3.7 and 3.8.
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3.1 BdG Hamiltonian
Generally, the Hamiltonian of electrons in superconductors is given by
H =
∑
αβk
Eαβ(k)c†kαckβ +
1
2
∑
αβk
(
∆αβ(k)c†kαc†−kβ + h.c.
)
, (6)
where ckα (c†kα) is the annihilation (creation) operator of an electron with momentum k, and
the suffix α labels internal degrees of freedom for the fermion such as spin, orbit, and so forth.
The first term on the right-hand side is the Hamiltonian of electrons in the normal state, and
the second term appears in the superconducting state because of the formation of Cooper pairs
with a gap function ∆αβ(k). Here the anticommutation relation of c†kα yields ∆(k) = −∆t(−k).
The above Hamiltonian is called the Bogoliubov-de Gennes (BdG) Hamiltonian.
The BdG Hamiltonian can be written in the following matrix form:
H = 1
2
∑
k
Ψ†(k)H(k)Ψ(k), (7)
with
H(k) =

E(k) ∆(k)
∆†(k) −Et(−k)

αβ
, Ψ(k) =

ckα
c†−kα
 , (8)
where the summation over the index α is implicit in Eq. (7). We have neglected the constant
term caused by the anticommutation relation between ckα and c†kα since it merely shifts the
origin of the energy. Performing the Fourier transformation,
Ψ(k) = 1√
V
∑
x
eikxΨ(x), H(k) =
∑
x
eikxH(x), (9)
we also have the BdG Hamiltonian in the coordinate space,
H = 1
2
∑
xy
Ψ†(x)H(x − y)Ψ(y) (10)
This form indicates that fermionic excitations of a superconductor are given as a superposition
of an electron and hole,Ψ(x) in Eq.(4), as mentioned in Sect. 2.2. The quasi-particle spectrum
in the superconducting state is obtained by solving the eigen equation of the BdG Hamiltonian
H(k)|un(k)〉 = En(k)|un(k)〉. (11)
3.2 Particle-hole symmetry (charge-conjugation symmetry)
As discussed in Sect.2.2, the wave function Ψ(x) satisfies the self-conjugate condition
in Eq.(5). Correspondingly, the BdG Hamiltonian in Eq.(10) should be invariant under the
replacement of Ψ†(x) and Ψ(k) with their conjugates Ψt(x)τtx and τxΨ∗(x), respectively. Be-
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cause H transforms as
H → 1
2
∑
x,y
Ψt(x)τtxH(x − y)τxΨ∗(y)
= −1
2
∑
x,y
Ψ†(x) [τtxH(y − x)τx]t Ψ(y) + 12
∑
x
trH(x)
(12)
under the replacement, this requirement imposes a constraint on H(x),
τtxH(x)τx = −H t(−x). (13)
Here note that the last term in Eq.(12) vanishes if H(x) satisfies Eq.(13). In the momentum
space, the constraint is given as
τtxH(k)τx = −H t(−k). (14)
Using the hermiticity of H(k), Eqs.(13) and (14) are also written as
CH(x)C−1 = −H(x), CH(k)C−1 = −H(−k), (15)
where C = τxK with the complex conjugate operator K. The constraint on the BdG Hamilto-
nian in Eq. (15) is called as the particle-hole symmetry. We can verify directly that H(k) in
Eq.(8) actually has the particle-hole symmetry. This symmetry is one of the fundamental sym-
metries in the Altland-Zirnbauer classification scheme,41) and systems supporting particle-
hole symmetry are classified as class D.
From the particle-hole symmetry, one can show that a positive energy state is always
paired with a negative energy state. Indeed, from a solution |un(k)〉 of Eq.(11) with a positive
(negative) energy En(k) > 0 [En(k) < 0], one can obtain a solution with momentum −k as
|u−n(−k)〉 = C|un(k)〉, (16)
which has a negative (positive) energy −En(k).
In one dimension, the paired structure of the spectrum enables us to define a topologi-
cal number.42) The paired structure implies that the gauge field constructed from negative-
energy states, A(−)(k) = i∑En(k)<0〈un(k)|∂kun(k)〉, is not independent of that constructed
from positive-energy states, A(+)(k) = i∑En(k)>0〈un(k)|∂kun(k)〉, which leads to the relation
A(−)(k) = A(+)(−k). Therefore, the geometrical phase of A(−)(k) along the 1D Brillouin zone
(BZ),
γgeom =
∮
BZ
dkA(−)(k), (17)
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is recast into
γgeom =
1
2
∮
BZ
dk
[
A(+)(k) +A(−)(k)
]
=
i
2
∮
BZ
dk
∑
n
〈un(k)|∂kun(k)〉
=
i
2
∮
BZ
dktr
[
U−1(k)∂kU(k)
]
=
i
2
∮
BZ
dk∂k ln [detU(k)] , (18)
where Umn(k) is given by the m-th component of |un(k)〉. The U(1) phase of detU(k) con-
tributes to the line integral, and thus the uniqueness of detU(k) in the BZ yields γgeom = πN
with an integer N. Finally, taking into account the 2π ambiguity of γgeom, we have two phys-
ically different values of γgeom, i.e., γgeom = 0 and π, which define the Z2 topological in-
variant for 1D superconductors. The system is topologically trivial (non-trivial) if γgeom = 0
(γgeom = π).
As mentioned in Sect.2.1, in two dimensions, class D superconductors are topologically
characterized by the TKNN integer,
νTKNN =
1
2π
∫
BZ
d2kF (−)xy (k), (19)
where F (−)xy (k) is the field strength of the gauge field A(−)µ (k) = i
∑
En(k)<0〈un(k)|∂kµun(k)〉. On
the other hand, no topologically nontrivial class D superconductor exists in three dimensions.
3.3 Time-reversal symmetry and chiral symmetry
Similarly to topological insulators, the presence of time-reversal symmetry also enriches
the topological structure in superconductors. The quasiparticle state |u(k)〉 has a Kramers part-
ner T |u(−k)〉 with time-reversal operator T , and we can define various topological numbers,
using the Kramers degeneracy. The Kane-Mele’s Z2 invariant for quantum spin Hall states
also characterizes the topology of two-dimensional (2D) time-reversal invariant superconduc-
tors,43–45) but the coexistence of particle-hole symmetry gives other topological numbers as
well.
In one dimension, we can generalize the Z2 topological invariant introduced in Sect.
3.2.46) Although γgeom in Eq.(17) itself is always trivial because each component of the
Kramers doublet equally contributes to γgeom, one can avoid it by taking only one state
for each Kramers pair to calculate the geometric phase. Namely, for the Kramers pair
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(|u2n−1(k)〉, |u2n(k)〉 ≡ T |u2n−1(−k)〉), the geometrical phase γgeom/2 of |u2n−1(k)〉,
γgeom/2 =
∮
BZ
A(−)1/2(k), (20)
with
A(−)1/2(k) = i
∑
E2n−1(k)<0
〈u2n−1(k)|∂ku2n−1(k)〉 (21)
is quantized as γgeom/2 = 0, π (mod 2π). Therefore, γgeom/2 defines a Z2 topological invariant
in one dimension. That is, when γgeom/2 = π (mod 2π), the system is topologically non-trivial.
Here note that the geometrical phase γ′geom/2 of the remaining state |u2n(k)〉 is equal to γgeom/2
up the 2π-ambiguity, and thus it does not define an independent topological invariant.
Because of the time-reversal symmetryT and the particle-hole symmetryC, time-reversal
BdG Hamiltonians have so-called chiral symmetry,
ΓH(k)Γ−1 = −H(k), (22)
where Γ = iTC is a unitary operator with Γ2 = 1. Using the chiral symmetry Γ, one can
define a topological invariant as the winding number in three dimensions,35)
w3D =
1
48π2
∫
BZ
d3kǫµνλtr
[
ΓH−1(∂kµH)H−1(∂kνH)H−1(∂kλH)
]
, (23)
where BZ is the 3D BZ. This topological invariant characterizes 3D time-reversal invariant
topological superconductors/superfluids such as the 3He B-phase.
Using the chiral symmetry, we can also define the topological invariant47)
w1D =
i
4π
∮
C
dkµtr
[
ΓH−1∂kµH
]
, (24)
with a closed loop C in the BZ. Whereas w1D is found to be zero for 1D time-reversal invariant
superconductors, it can be nonzero when C encloses a line (point) node of superconductors
in three (two) dimensions.32, 48–52) For instance, nodes in high-Tc cuprates have nonzero w1D.
The 1D winding number w1D also ensures the existence of flat band Andreev bound state on
the surface of the cuprates.32)
In the Altland-Zirnbauer scheme, systems having T and C are classified as class DIII.
3.4 Spin-rotation symmetry
Most superconductors host spin-singlet Cooper pairs, and their spin-orbit interaction can
often be neglected without changing their qualitative properties. Such superconductors have,
in effect, the SU(2) spin-rotation symmetry.
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The SU(2) spin-rotation symmetry implies

eis·θ/2 0
0 e−is∗·θ/2
 ,H(k)
 = 0 (25)
with the Pauli matrix s = (sx, sy, sz) in the spin space and the SU(2) rotation angle θ. By taking
the derivative with respect to θ, the above equation reduces to the commutation relations
[Ji,H(k)] = 0, Ji =

si 0
0 −s∗i
 , (i = 1, 2, 3). (26)
From [Jz,H(k)] = 0,H(k) is block-diagonal in the diagonal basis of Jz. Each block-diagonal
subsector has a definite eigenvalue of Jz, and thus no mixing is allowed between different
subsectors. Furthermore, using the other commutation relations, [Jx,y,H(k)] = 0, one also
finds that the Jz = −1 subsector is essentially the same as the Jz = 1 subsector. Therefore, it
is enough to consider only the Jz = 1 sector. Actually, the BdG Hamiltonian (7) is rewritten
in terms of the following reduced Hamiltonian in the Jz = 1 sector,
H =
∑
k
φ†(k)h(k)φ(k), (27)
with
h(k) =

ǫ(k) ψ(k)
ψ†(k) −ǫ t(−k)
 , φ(k) =

ck↑
c†−k↓
 , (28)
where ǫ(k) and ψ(k) are defined as
E(k) = ǫ(k)s0, ǫ†(k) = ǫ(k),
∆(k) = iψ(k)sy, ψt(k) = ψ(−k). (29)
We should note here that the reduced Hamiltonian h(k) does not have the original particle-
hole symmetry: Because of the anticommutation relation {C, Ji} = 0, the particle-hole sym-
metry maps a state |u(k)〉 with Jz = 1 to C|u(−k)〉 with a different eigenvalue, i.e., Jz = −1,
JzC|u(−k)〉 = −CJz|u(−k)〉 = −C|u(−k)〉. (30)
Thus, the Jz = 1 sector cannot retain the original particle-hole symmetry.
Although h(k) cannot retain the original particle-hole symmetry, it has its own alternative
symmetry. Because of the commutation relation [JxC, Jz] = 0, the combination of Jx and C
maps the Jz = 1 sector to itself, which defines the “spin-rotation particle-hole symmetry”
CJ ≡ JxC in the Jz = 1 sector. (One can also consider JyC as a combined particle-hole
symmetry, but it ultimately defines the same symmetry as JxC in the Jz = 1 sector). In terms
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of the reduced Hamiltonian h(k), the spin-rotation particle-hole symmetry is given by
CJh(k)C−1J = −h(−k), (31)
with CJ = iτyK. While the original particle-hole symmetry obeys C2 = 1, the spin-rotation
particle-hole symmetry satisfies C2J = (JxC)2 = −1. In the Altland-Zirnbauer scheme, systems
having such particle-hole symmetry are classified as class C.
If H(k) is time-reversal invariant, so is the reduced Hamiltonian h(k), but in a manner
similar to the particle-hole symmetry, its time-reversal transformation is different from the
original one: Since the original time-reversal transformation flips the spin of electrons, h(k)
defined in the Jz = 1 sector does not retain the original time-reversal symmetry. Instead, the
Jz = 1 sector has the “spin-rotation time-reversal symmetry” TJ ≡ JxT as a combination of
Jx and T . Correspondingly, h(k) satisfies
TJh(k)T −1J = h(−k), (32)
withTJ = K. Different from the original time-reversal symmetryT , which satisfies T 2 = −1,
the spin-rotation time-reversal symmetry TJ obeys T 2J = 1. Systems with CJ and TJ are
classified as class CI.
Topological numbers for class C and class CI systems are summarized in Table II. Note
that only even numbers are possible for the topological numbers. From the bulk-boundary
correspondence, this means that only even numbers of surface gapless states are possible in
these classes of topological superconductors. Therefore, to realize locally unpaired Majorana
fermions in topological superconductors, we need the strong spin-orbit interaction or spin-
triplet Cooper pairs which break the SU(2) spin-rotation symmetry.
3.5 Spinless superconductors
As discussed in the previous section, the SU(2) spin-rotation symmetry must be broken
in order to realize locally unpaired Majorana fermions. An example of systems with broken
SU(2) spin-rotation symmetry is a fully spin-polarized electron system. Fully spin-polarized
electrons can be regarded as spinless electrons, since their spin degrees of freedom are com-
pletely locked in a particular direction. Superconducting states of fully spin-polarized elec-
trons are called as spinless superconductors.
Retaining only up-spin electrons and up-spin holes in Eq.(7), one can obtain the BdG
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Hamiltonian for spinless superconductors,
H = 1
2
∑
k
ψ
†
↑(k)h↑(k)ψ↑(k), ψ↑(k) =

c↑(k)
c†↑(k)
 (33)
with
h↑(k) =

E↑↑(k) ∆↑↑(k)
∆
†
↑↑(k) −Et↑↑(−k)
 . (34)
Here E↑↑(k) = E†↑↑(k) and ∆t↑↑(k) = −∆↑↑(−k). As well as the original BdG Hamiltonian, the
spinless BdG Hamiltonian h↑(k) has particle-hole symmetry,
Ch↑(k)C−1 = −h↑(−k), (35)
and thus it is classified as class D.
Spinless superconductors cannot be invariant under T since the ordinary time-reversal
operation flips the spin of electrons, Nevertheless, they may be invariant under a combina-
tion of the spin-flip and the time-reversal, which we denote Ts. In term of the spinless BdG
Hamiltonian, the combined time-reversal symmetry reads
Tsh↑(k)T −1s = h↑(−k), (36)
with Ts = K. E↑↑(k) and ∆↑↑(k) should be real in order to have Ts-invariance. The time-
reversal invariant spinless superconductors are characterized by Ts and C obeying T 2s = 1
and C2 = 1, and are classified as class BDI in the Altland-Zirnbauer classification. Class
BDI can be topologically non-trivial in one dimension, but not in two and three dimensions.
Similarly to class DIII, class BDI has chiral symmetry as a combination of Ts and C,
Γsh↑(k)Γ−1s = −h↑(k), Γs = TsC. (37)
The 1D topological number in class BDI is given by
wBDI1D =
i
4π
∫
BZ
dktr
[
Γsh−1↑ ∂kh↑
]
. (38)
3.6 Topological defects
In the presence of a defect such as a vortex, the BdG Hamiltonian depends on the distance
R from the defect,H(k, R), as well as the momentum k. Considering the topology ofH(k, R)
away from the defect, we can examine the topological stability of the defect and gapless defect
modes at the same time.53, 54)
For this purpose, consider a D-dimensional sphere S D surrounding a defect in d dimen-
sions. For instance, consider D = 1 (D = 2) dimensional sphere S 1 (S 2) for a line (point)
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defect in d = 3 dimensions. The BdG Hamiltonian H(k, R) is now defined on the base space
(k, R) ∈ T d × S D with the d-dimensional BZ T d. Away from the defect, the system is gapped,
so in a manner similar to uniform superconductors, one can define various nontrivial topo-
logical numbers for H(k, R).
Among the topological numbers for H(k, R), some do not change their value even
when one neglects either the k-dependence or R-dependence of H(k, R). The former k-
independent topological numbers are the topological numbers of the defect itself, which en-
sures the stability of the defect, while the latter R-independent numbers are simply the bulk
topological numbers without the defect. From the other topological numbers, we can predict
the existence of gapless modes localized on the defect.
For instance, away from the core, a vortex in a 2D superconductor is well described by
the following BdG Hamiltonian,
H(k, R) =

E(k) ∆(k)eiθ
∆†(k)e−iθ −E−t(−k)
 (39)
with k = (kx, ky) and R = (R cos θ,R sin θ). Here θ is the angle around the vortex. The vortex
can host a Majorana zero mode localized on the core, whose existence is ensured by the
topological invariant
ν =
1
4π2
∫
T 2×S 1
ǫ i jktr
[
Ai∂ jAk − i
2
3AiA jAk
]
mod2, (40)
where the gauge field matrix (Ai)mn(k, θ) is defined as
(Ai)mn(k, θ) = i〈um(k, θ)|∂iun(k, θ)〉, (i = kx, ky, θ), (41)
with negative energy states |un(k, θ)〉 of H(k, θ). Here the trace in Eq.(40) is taken for all the
negative-energy states.
A systematic classification of topological defects and their gapless modes has been per-
formed based on the K-theory.53, 54)
3.7 Topological crystalline superconductors
In addition to the particle-hole and time-reversal symmetries, superconductors may have
crystal symmetries. Such material dependent symmetries also influence on their topological
properties.55–64)
For instance, consider the mirror reflection symmetry with respect to the xy-plane,
MxyH(k)M−1xy = H(kx, ky,−kz), (42)
where Mxy is the mirror reflection operator. Since the BdG Hamiltonian H(kx, ky, 0) on the
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mirror invariant plane at kz = 0 commutes with Mxy, H(kx, ky, 0) is block diagonal in the
diagonal basis of Mxy. For each block-diagonal subsector with a definite eigenvalue of Mxy,
the mirror Chern number can be introduced as the Chern number of the subsector. When
the mirror Chern number is nonzero, gapless states appears on surfaces preserving the mir-
ror reflection symmetry. The gapless states are stable provided that the mirror symmetry is
retained.
Whereas a similar mirror-protected topological surface state exists in insulators,65–68) su-
perconductors have their own novel properties.57) In superconductors, two different mirror
reflection symmetries are possible for the same crystal structure. A superconducting state re-
tains the mirror reflection symmetry of the normal state when the gap function is invariant
under the mirror reflection, but this is not the only possibility. Even when the gap function
changes its sign under mirror reflection, the superconducting state may support a mirror re-
flection symmetry as a combination of the original mirror reflection and a U(1) gauge rotation
for the gap function. For the former (latter), the mirror-even (mirror-odd) gap function, Mxy
is given by M+xy = iszτz (M−xy = iszτ0).
The two different mirror reflection symmetries realize different mirror-protected surface
states. For the mirror-even case, the mirror reflection operator M+xy commutes with the charge
conjugation operator C. Thus, by applying C to an eigenstate |λ〉 with the eigenvalue λ = ±i
of M+xy, we have an eigenstate with the opposite eigenvalue −λ. (Note that C is anti-unitary.)
Therefore, the particle-hole symmetry merely interchanges the two mirror subsectors, so each
mirror subsector does not have its own particle-hole symmetry. As a result, the surface state
in each mirror subsector is not self-conjugate, and thus it is a Dirac fermion. On the other
hand, for the mirror-odd case, M−xy anticommutes with C. In this case, the charge conjugation
operator Cmaps a mirror eigensector into itself, so each mirror subsector has its own particle-
hole symmetry. Therefore, a surface state or a vortex state in each mirror subsector can be a
self-conjugate Majorana fermion. The non-Abelian statistics of the mirror protected Majorana
fermions is discussed in Ref. 69
Crystal symmetries other than mirror reflection symmetry also protect topological states.
A complete classification of topological crystalline insulators/superconductors and topologi-
cal defects protected by order-two space group symmetries is given in Refs. 54, 70.
3.8 Majorana Ising property
Crystals may have an anti-unitary symmetry TG as a combination of time-reversal sym-
metry T and crystal symmetry G. Such an anti-unitary symmetry, which is called magnetic
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symmetry, can survive even when both T and G are broken. For example, the magnetic mir-
ror reflection symmetry with respect to the xy-plane is obtained by combining the mirror
reflection Mxy with the time-reversal symmetry T = isyK,
TMxyH(k)T −1Mxy = H(−kx,−ky, kz), (43)
with TMxy = TMxy. When we apply a magnetic field normal to the z-direction, both the
mirror reflection and time-reversal symmetries are explicitly broken, but the magnetic mirror
reflection symmetry TMxy remains. As is shown below, the magnetic symmetry also stabilizes
topological phases,43, 55, 60, 63) in which Majorana fermions show a unique anisotropic response
to magnetic fields.43, 55, 71–73)
First, we note that the magnetic symmetry TG results in a chiral crystal symmetry ΓG,
by combining it with the particle-hole symmetry. Then, along a 1D line in the momentum
subspace invariant under G, we can define a 1D winding number in a similar manner as
Eq.(24). As a result, we may have a gapless state ensured by the 1D winding number. For the
magnetic mirror reflection symmetry TMxy , we have the chiral mirror symmetry,
ΓMxyH(k)Γ−1Mxy = −H(kx, ky,−kz), (44)
with ΓMxy = eiαCTMxy. (Here the phase α is determined so that Γ2Mxy = 1.) Then, say, for
a line with a fixed kx in the mirror invariant plane at kz = 0, we can define the topological
invariant
w1D(kx) = i4π
∮
dkytr
[
ΓMxyH−1(kx, ky, 0)∂kyH(kx, ky, 0)
]
. (45)
When w1D(kx) , 0, from the bulk-boundary correspondence, |w1D(kx)| zero modes exist on a
surface normal to the y-axis.
One can show that the zero modes |u0〉 protected by the magnetic symmetry TG are eigen-
states of the chiral crystal operator ΓG. At the same time, from the particle-hole symmetry,
|u0〉 satisfies C|u0〉 = |u0〉 by choosing its phase appropriately. The latter condition implies that
the zero modes are self-conjugate Majorana fermions, and the former condition determines
the spin and/or orbital structure of the Majorana zero modes. In particular, for spinful systems
with magnetic mirror reflection or magnetic C2 rotation, from these two conditions, one can
show that the density operator of the Majorana zero modes is identically zero, and the spin
density operator of the Majorana zero modes is nonzero only in a particular direction.54, 55)
Therefore, the Majorana zero modes can couple to a magnetic field only in a particular direc-
tion, resulting in an anisotropic magnetic response.
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4. Realization of Topological Superconductors Supporting Majorana Fermions
In this section,we explain the basic properties of topological superconductors, particu-
larly, focusing on class D systems with broken time-reversal symmetry, for which typical
features such as the existence of Majorana fermions are demonstrated. We also discuss how
the class D topological superconductors can be realized in real systems.
4.1 Chiral p-wave superconductors
A prototype of topological superconductors supporting Majorana fermions is a spinless
chiral p-wave superconductor in two dimensions.10) The BdG Hamiltonian is
H = 1
2
∑
k
(c†k, c−k)H(k)

ck
c†−k
 (46)
with
H(k) =

k2x+k2y
2m − µ0 ∆0(kx + iky)
∆0(kx − iky) − k
2
x+k2y
2m + µ0
 , (47)
(∆0 > 0). Now, following the original argument by Read and Green,10) we consider the case of
small µ0. Under this assumption, the Fermi momentum becomes small; thus, we can neglect
the k2 term in the Hamiltonian. Equation (47) reduces to
H(k) →

−µ0 ∆0(kx + iky)
∆0(kx − iky) µ0
 . (48)
Using this simplified Hamiltonian, we first examine the edge state. For this purpose, consider
a 2D semi-infinite system that extends in the positive x direction with the boundary at x = 0.
To realize such a system, we replace ki and µ0 in Eq.(48) as follows;
ki → −i∂i, µ0 → µ(x), (49)
with
µ(x) =

−µ0 < 0, for x < 0
µ0 > 0, for x > 0
. (50)
The latter equation implies that no electron exists in the x < 0 region; thus, it effectively
realizes a semi-infinite system with x > 0. The edge state is examined by solving the BdG
equation 
−µ(x) ∆0[−i∂x + ∂y]
∆0[−i∂x − ∂y] µ(x)


u
v
 = E

u
v
 . (51)
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We can find a solution localized at x = 0 :
uky
vky
 = N

i1/2
i−i/2
 exp
[
ikyy −
∫ x
0
dx′µ(x
′)
∆0
]
, (52)
where N is a real normalization constant. The energy spectrum of this edge state is linear in
the momentum ky,
E = ∆0ky. (53)
To see that the edge state is a Majorana fermion, consider the mode expansion,
c(x)
c†(x)
 =
∑
ky
γky

uky
vky
 + · · · . (54)
Then, from the relation uky = v∗−ky , one finds that γky satisfies the Majorana condition in the
momentum space,
γky = γ
†
−ky . (55)
Also, for γky , the time-dependent BdG equation
i∂tc(x) = [c(x),H] (56)
reduces to the 1D Dirac equation in the momentum space,
i∂tγky = ∆0kyγky . (57)
Thus, γky is a Majorana fermion.
A vortex in this system also supports a Majorana zero mode. The BdG Hamiltonian with
a vortex is obtained by replacing
ki → (−i∂i + eAi) ≡ −iDi, ∆0 → ∆e−iθ, µ0 → µ(r)
(58)
in Eq.(48). Here r is the distance from the vortex core, and θ is the angle around the vortex.
Ai is the gauge potential of the vortex flux which can be approximated as
Ai = −∂iθ/2e. (59)
This gauge potential is singular at r = 0, but the singularity can be avoided by taking µ(r) as
µ(r) =

−µ0 < 0, for r → 0
µ0 > 0, for r → ∞
. (60)
Because the chemical potential is negative near the vortex core, electrons cannot approach
there; thus, the singularity becomes harmless. The zero mode is obtained by solving the BdG
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equation 
−µ(r) ∆e−iθ(−iDx +Dy)
∆(−iDx −Dy)eiθ µ(r)


u0
v0
 = 0, (61)
whose solution is 
u0
v0
 = N

i1/2
i−1/2
 exp
[
−
∫ r
0
dr′µ(r
′)
∆
]
, (62)
with a real normalization constant N. The quantum operator of the zero mode γ, which is
defined as the coefficient of the expansion
c(x)
c†(x)
 =
√
2γ

u0
v0
 + · · · , (63)
satisfies the Majorana condition
γ = γ† (64)
and the anticommutation relation
{γ†, γ} = 1/2. (65)
Here we have used
γ =
∫
dxdy
[
u∗0(x)c(x) + v∗0(x)c†(x)
]
/
√
2 (66)
and
{c†(x), c(x′)} = δ(x − x′),
{c(x), c(x′)} = {c†(x), c†(x′)} = 0, (67)
to derive these relations. Equations (64) and (65) show that γ is a Majorana zero mode.
In a similar manner, one can show that N well-separated vortices support N Majorana
zero modes satisfying
γ2i = 1, γiγ j = −γ jγi, (68)
for i , j. Later, we will argue that this relation is an important ingredient in realizing the
non-Abelian statistics
4.2 Dirac systems
Majorana zero modes and thus non-Abelian statistics can be realized even in an s-wave
superconducting state. This possibility was first pointed out in 2003.74) Here we will review
the idea of this paper.
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The basic idea is to consider a 2D bulk Dirac fermion system instead of an ordinary
electron system. As was discussed in Sect.2.2, quasiparticles in superconducting states may
satisfy the Majorana condition. Thus, if we consider bulk Dirac fermions, they automatically
realize Majorana fermions even in an s-wave superconducting state. In the Nambu representa-
tion with the basisΨ′(x) = (c↑(x), c↓(x), c†↓(x),−c†↑(x)), the BdG Hamiltonian of the Majorana
fermions is given by
H =

−iσi∂i Φ∗
Φ iσi∂i
 , (69)
where σi=x,y are the Pauli matrices, and Φ is an s-wave gap function. Note that the diagonal
term is not the Hamiltonian for ordinary electrons but that for Dirac fermions.
Now we will show that a Majorana zero mode exists in a vortex of this system. When the
system supports a vortex, Φ in Eq.(69) becomes
Φ = Φ(r)eiθ, Φ(∞) = Φ0 > 0, (70)
where r is the distance from the vortex, and θ is the angle around the vortex. The BdG Hamil-
tonian for the zero mode 
−iσi∂i Φ(r)−iθ
Φ(r)eiθ iσi∂i


u
v
 = 0 (71)
is easily solved and the solution is76, 77)
u = N

0
i1/2
 exp
[
−
∫ r
0
dr′Φ(r′)
]
, v = iσyu∗. (72)
The quantum operator γ for this solution in the mode expansion
Ψ′(x) =
√
2γ

u
v
 + · · · (73)
defines the Majorana operator with γ† = γ and γ2 = 1. As a result, vortices in this system
obey non-Abelian anyon statistics.
A challenge of this idea is how to realize Dirac fermions in condensed matter systems.
In general, the Nielsen-Ninomiya theorem tells us that such a single species of 2D Dirac
fermions cannot exist in bulk periodic systems like solid states.75) Indeed, no condensed mat-
ter realization of a single Dirac fermion was known in 2003. To avoid this difficulty, an appli-
cation to high-energy physics was discussed in Ref.74. In 2007, however, it was discovered
that such a 2D Dirac fermion can exist as a surface state of topological insulators.78–80) Be-
cause the surface state is not a true 2D state but spreads to the bulk as well, it can avoid
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the constraint imposed by the Nielsen-Ninomiya theorem. Thus, if one places an s-wave su-
perconductor on top of a topological insulator, one can realize the Hamiltonian (69). This
celebrated idea was first proposed by Fu and Kane.81) In the interface between an s-wave
superconductor and a topological insulator, the chemical potential is not zero, and thus the
BdG Hamiltonian is slightly modified as
H =

−iσi∂i − µ Φ∗
Φ iσi∂i + µ
 . (74)
The chemical potential, however, does not affect the existence of the Majorana zero mode.
The zero mode in the presence of the chemical potential is given by
u = Ni3/2

e−iθJ1(µr)
i−1J0(µr)
 exp
[
−
∫ r
0
dr′Φ(r′)
]
,
v = iσyu∗, (75)
with the Bessel function Jn(x).82) Transport properties of Majorana fermions in
superconductor-topological insulator junction systems have been studied by several au-
thors.83–85)
4.3 System with Rashba spin-orbit interaction
In the scenarios discussed above, unconventional systems such as chiral p-wave super-
conductors or superconducting Dirac fermions are needed for the realization of non-Abelian
anyons. If we take into account the spin-orbit interaction, however, we may realize Majo-
rana fermions and non-Abelian anyons even for ordinary electron systems with an s-wave
pairing.86–90) Below, we explain this realization scheme, following Ref.87, which provided a
complete topological analysis and established this scheme for the first time.
The model BdG Hamiltonian we consider is given by
H = 1
2
∑
k
(
c†k↑, c
†
k↓, c−k↑, c−k↓
)
H(k)

ck↑
ck↓
c−k↑
c−k↓

(76)
with
H(k) =

ε(k) + g(k) · σ − µBHzσz i∆σy
−i∆σy −ε(k) + g(k) · σ∗ + µBHzσz
 . (77)
Here ε(k) = k
2
x+k2y
2m − µ is the energy of electrons in the normal state, which is measured from
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the Fermi level, and µBHzσz is the Zeeman term. g(k) · σ is the antisymmetric spin-orbit
interaction which may arise when spatial inversion symmetry is broken. In particular, we
consider here the Rashba spin-orbit interaction, g(k) = 2λ(ky,−kx), which arises when the
system breaks the spatial reflection with respect to the xy plane. As is shown below, from
the Rashba spin-orbit interaction, the system may have a similar property to chiral p-wave
superconductors.
To see the similarity between this system and a chiral p-wave superconductor, we perform
the following unitary transformation:
HD(k) = DH(k)D†, D = 1√
2

1 iσy
iσy 1
 . (78)
From this unitary transformation, the original BdG Hamiltonian is mapped into the dual
Hamiltonian,
HD =

∆ − µBHzσz −iε(k)σy − ig(k) · σσy
iε(k)σy + ig(k) · σyσ −∆ + µBHzσz
 . (79)
Interestingly, the dual Hamiltonian has the following gap function as the off-diagonal ele-
ments,
∆D(k) = −iε(k)σy − ig(k) · σσy. (80)
In particular, one should note that the Rashba spin-orbit interaction in the original Hamilto-
nian is now become the spin-triplet component −ig(k) · σσy of the dual gap function. Since
the dual Hamiltonian is unitary equivalent to the original Hamiltonian, this suggests that the
original Hamiltonian may have a similar property to the spin-triplet superconductor owing to
the Rashba spin-orbit interaction. Whereas this is not always the case in reality because the
diagonal term of the dual Hamiltonian is not the standard electron energy but a constant term
∆− µBHzσz, if we apply the Zeeman field beyond a critical value, there appears a topological
superconducting state similar to chiral p-wave superconductors.
First, let us examine the edge states in this model. Figure 3 shows the quasiparticle spectra
for the system with an open boundary condition in the x-direction and a periodic boundary
condition in the y-direction. In the absence of Hz [Fig.3(a)], the quasiparticle spectrum shows
a bulk gap as in the case of a conventional s-wave superconductor, but if one turns on Hz, the
bulk gap closes at the critical value of Hz [Fig.3(b)], then when the condition,
(µBHz)2 > ε(0)2 + ∆2 (81)
is satisfied, the bulk gap opens again and gapless edge states appear. [see thin red and thick
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Fig. 3. (Color online) Energy spectra of a 2D s-wave pairing state with the Rashba spin-orbit interaction
in a ribbon geometry. a) Hz = 0. No gapless edge mode appears as in the case of a conventional s-wave
superconductor. b) µBHz =
√
ε(0)2 + ∆2. A topological quantum phase transition point emerges. The bulk gap
closes. c) µBHz >
√
ε(0)2 + ∆2. The red thin line indicates a chiral Majorana mode localized on one edge of
the ribbon, and the thick green line represents an anti-chiral Majorana mode on the other edge of the ribbon.
[Reproduced from Fig.1 of Phys. Rev. Lett. 103 (2009) 020401 by Sato et al.87)]
green lines in Fig. 3(c).] The present system has two edges, and the one side of the edges has
the edge state with the dispersion
E ∼ cky, (82)
[ thin red line in Fig. 3(c))] and the other has the edge state with
E ∼ −cky, (83)
[thick green line in Fig. 3(c)]. Therefore, each edge supports an edge state similar to that of
the chiral p-wave superconductors in Sect.4.1.
The existence of the edge states is also confirmed by the evaluation of the TKNN number
νTKNN. While νTKNN is zero in the absence of the Zeeman field, it becomes nonzero (i.e.,
|νTKNN| = 1) when the condition (81) is satisfied. Hence, the existence of edge states in
Fig.3(c) is ensured by the bulk-boundary correspondence. Since the TKNN number is the
same as that of the spinless chiral p-wave superconductor, the present system belongs to the
same topological class as the spinless chiral p-wave superconductor. When the condition (81)
is met, there also exists a Majorana zero mode in a vortex.87)
Here one should note that the Zeeman field larger than the gap function ∆ is needed to
satisfy Eq. (81). This means that it is difficult for usual bulk s-wave superconductors to satisfy
this condition. In general, such a strong magnetic field may destroy s-wave Cooper pairs by
the Pauli depairing effect or the orbital depairing effect. In the present case, the Pauli depairing
can be avoided because the Fermi surface is split by the Rashba spin-orbit interaction; thus,
the Zeeman splitting is strongly suppressed when the Rashba spin-orbit interaction is strong
enough.91) On the other hand, the orbital depairing effect cannot be avoided for usual bulk
superconductors.
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However, it is known that this difficulty can be solved in various ways:
(1) If one consider s-wave superfluids of cold atoms, instead of superconductors, one can
avoid this problem.87, 92) This is because Cooper pairs in superfluids are charge neutral,
and thus, no Lorentz force leading to the orbital depairing arises. The spin-orbit interac-
tion in cold atoms can be created artificially by using a sophisticated laser technique.93)
(2) A superconducting state of heavy fermions may also not suffer from this problem.88)
Because the effective mass of heavy fermions is about a hundred times the electron mass
in the vacuum, the Lorentz force is strongly suppressed. Thus, the orbital depairing effect
does not work. In particular, heavy fermion noncentrosymmetric superconductors with
the Rashba spin-orbit interaction are promising candidates.
(3) A widely adopted solution is to use proximity induced superconductivity, instead of bulk
superconductivity. By placing a semiconductor on top of an s-wave superconductor, s-
wave superconductivity can be induced in the semiconductor.86, 89, 90) The Zeeman field
in the semiconductor can be given in two different manners. The first one is to consider a
heterostructure illustrated in Fig.4. In this case, the electron energy in the semiconductor
is Zeeman-split by proximity effects of the exchange interaction of the attached magnet.
Since no direct magnetic field is applied, no Lorentz force for the orbital depairing is
induced. The other way is to apply in-plane Zeeman fields, instead of Zeeman fields in
the z-direction.90) In a 2D system, the motion of Cooper pairs in the perpendicular di-
rection is severely restricted, and hence, the orbital depairing effect becomes ineffective
if one applies Zeeman fields in the parallel direction. In both cases, the topological su-
perconductivity in a semiconductor with small ε(0) is considered in order to satisfy the
condition (81) easily. Note that the heterostructure breaks the inversion symmetry so it
naturally induces the Rashba spin-orbit interactions.
The above-mentioned idea was generalized to 1D nanowires on top of an s-wave super-
conductor.94, 95) The Hamiltonian of this system is the same as Eq.(77) with ky = 0, and
Majorana zero modes appear at the ends of the nanowires when the condition (81) is
satisfied.
In these systems, one can control the topological superconductivity by changing model
parameters such as ε(0) (namely, the chemical potential) and Hz. Actually, the adiabatic op-
eration by controlling the model parameters of topological superconductivity was proposed
in Ref.96.
So far, we have considered s-wave pairing as the superconducting gap ∆. We should note
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Fig. 4. (Color online) Realization of the Hamiltonian (77) in a heterostructure. A proximity induced s-wave
pairing state is realized in the semiconductor.
that, however, Majorana fermions may appear even for other unconventional pairings. Indeed,
the details of the gap function does not matter for the argument using the dual Hamiltonian
(79) since the spin-triplet gap function is induced in the dual Hamiltonian even for uncon-
ventional pairing. The only difference is that because the gap function vanishes at k = 0 for
many unconventional pairings, the condition (81) changes to
(µBHz)2 > ε(0). (84)
Therefore, for systems with small ε(0), one can realize Majorana fermions even for weak
Zeeman fields that do not cause the orbital depairing. Majorana fermions in p-wave super-
conductors and d-wave superconductors were discussed in Refs. 43,97, and Refs. 88,98–101,
respectively.
4.4 Topological superconductor from coupling with non-collinear magnetic order
It was recently proposed that a topological superconductor with Majorana zero modes
can be realized in an electron system with proximity-induced s-wave superconducting gap
coupled with non-collinear magnetic order.102–108) A simple example is a 1D s-wave super-
conductor coupled with helical magnetic order of localized spins via the exchange interaction
Js(x) · S(x). Here s(x) = 12c†σ(x)σσσ′cσ′(x) is the spin density operator of itinerant electrons,
and S(x) is the localized spin at position x. J is the exchange coupling strength. Let us con-
sider a simple case of 1D helical order with of the localized spin configuration given by
S(x) = S (sin(kF x), 0, cos(kF x)), (85)
which may be realized by the RKKY interaction.103, 105–107) Here kF is the Fermi wave number
of the 1D itinerant electron system, and S is the magnitude of the localized spin. Then, the
unitary transformation,
U = exp(ikF x
2
σy), (86)
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which rotates the spin axis as US · σU† = σz, changes the kinetic energy term of the first-
quantized Hamiltonian of the electron system pˆ
2
x
2m into
1
2m
pˆ2x −
vF
2
pˆxσy +
k2F
8m , (87)
where pˆx = −i∂x, m is the effective mass of electrons, and vF = kF/m. The second term of
Eq.(87) mimics the 1D version of the spin-orbit interaction considered in Sect. 4.3. Thus, with
the ”Zeeman term” JSσz and the s-wave pairing term ∆iσy, the Hamiltonian of the system
is equivalent to that of the 1D s-wave superconductor with the Rashba SO interaction and
the Zeeman coupling, which, indeed, belongs to the same topological class as 1D p-wave
superconductor when (JS )2 > µ2 + ∆2, as discussed in the previous sections. The case of 2D
systems with skyrmion spin textures is discussed in Ref. 108. It should be noted that in the
above scenario, we can deform the structure of the magnetic order without closing the bulk
energy gap preserving the topological invariant which guarantees the existence of Majorana
zero modes. Then, the specific form of the magnetic order given by Eq. (87) is not a necessary
ingredient of this scenario. From a different viewpoint, the Majorana zero mode found in this
scenario can be associated with the Shiba state, which is the bound state formed around a
magnetic impurity in a superconductor.109)
4.5 Other systems
Varieties of hybrid systems with spin-orbit interaction may realize Majorana
fermions. For instance, quantum (anomalous) Hall state/superconductor interfaces,110) half-
metal/superconductor heterostructures,111) and quantum-dot-superconductor chains112) are
proposed to host Majorana fermions in s-wave superconducting states.
5. Candidate Materials
There are several candidate compounds for topological superconductors. One of promis-
ing materials for time-reversal symmetry broken topological superconductors in class D is
Sr2RuO4 which is a candidate of a quasi-2D chiral p + ip superconductor.113, 114) A repre-
sentative candidate for time-reversal symmetric topological superconductors in class DIII in
three dimensions is CuxBi2Se3, which is a carrier-doped topological insulator, and is expected
to realize an odd-parity pairing state.115–131) Since there are already several excellent reviews
on these materials,113, 114, 132, 133) we will not discuss them here. Instead, we discuss some other
possible candidate materials in this section.
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5.1 Proximity-induced superconductivity in nanowire: Time-reversal-symmetry-broken
(TRSB) superconductor in class D
In 2012, three experimental research groups independently reported the observation of a
zero-bias conductance peak in nanowire-superconductor systems, which may be associated
with Majorana zero energy modes at open ends of the nanowire.134–136) In such nanowire
systems, a class D topological superconducting state which harbors Majorana zero-energy
states at its open ends is realized for Ez >
√
∆2 + µ2, where Ez is the Zeeman energy, ∆
is the proximity-induced s-wave superconducting gap, and µ is the chemical potential of
the nanowire.87, 89, 94, 95) These groups used InSb and InAs for the nanowire, as proposed in
Refs.94, 95. A zero-bias conductance peak appears when the Zeeman energy Ez satisfies the
above condition, which strongly indicates the realization of Majorana end states. According
to previous theoretical studies,87) a topological phase transition occurs at Ez =
√
∆2 + µ2,
and the bulk energy gap closes at this critical value of Ez. However, in the experimental data
of these conductance measurements, gap-closing behaviors were not clearly observed. It was
argued by Stanescu et al.137) that the absence of clear gap-closing behaviors is due to the dom-
inant contributions from non-topological superconducting bands which stem from multi-band
character of the nanowires, and do not exhibit gap-closing at Ez =
√
∆2 + µ2. Nevertheless, as
discussed in several theoretical studies,137–139) the interpretation of these experimental obser-
vations is still controversial, and it has not yet been established whether or not the observed
zero-bias peaks correspond to the signature of Majorana fermions. For instance, Liu et al.138)
and Rainis et al.139) argued that disorder effects give rise to low-energy peak of conductance
which is due to sub-gap states originating from trivial bands, even in trivial superconducting
states. We need further experimental and theoretical investigations to establish the existence
of Majorana zero modes in nanowire superconducting systems with strong spin-orbit interac-
tions.
5.2 Li2Pt3B: time reversal symmetric (TRS) superconductor in class DIII
It is expected that the noncentrosymmetric superconductor Li2Pt3B, which has the cubic
crystal structure P4332 and Tc ∼ 2.7 K, may be a TRS topological superconductor similar
to the B phase of the superfluid 3He. It is known that the B phase of the superfluid 3He is
a typical example of TRS topological superfluidity in class DIII. The d-vector of this spin-
triplet p-wave pairing state which characterizes the nontrivial topology is given by d(k) ∝ k
with k a wave number. Since the crystal structure of Li2Pt3B breaks inversion symmetry, the
pairing state cannot be classified by the parity of Cooper pairs. However, if the spin-triplet
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pair component dominates the spin-singlet component, the system can be a TRS topological
superconductor. The NMR measurement of this material suggests the existence of the dom-
inant spin-triplet component.140) Furthermore, the form of the d-vector is constrained by the
anti-symmetric spin-orbit interaction, the form of which is ∼ λSOσ · k, respecting the sym-
metry P4332. This spin-orbit interaction stabilizes the d-vector similar to that of the B phase
of 3He. Unfortunately, single crystals of this material have not been synthesized so far, and
thus, the topological properties of Li2Pt3B have not yet been clarified.
5.3 InxSn1−xTe: TRS superconductor in class DIII or topological crystalline superconductor
There have been extensive studies on crystalline topological insulators (CTIs) which are
protected by crystalline symmetry in addition to time-reversal symmetry.65) A promising ma-
terial is the semiconductor SnTe, for which surface Dirac cone bands protected by mirror
symmetry are observed via ARPES measurements.66) The partial substitution of Sn with In
induces carrier-doping, rendering the system metallic. The doped CTI InxSn1−xTe exhibits su-
perconductivity with Tc ∼ 1 K. Remarkably, a zero energy bias peak of the conductance was
observed for x = 0.045, which implies a topological superconducting state with surface zero
energy Majorana modes.141) The possible pairing state may be deduced by the group theoret-
ical argument.141) Corresponding surface states have been investigated theoretically.142) The
fermi surfaces of InxSn1−xTe are located around L points in the fcc BZ. In the vicinity of
the L points, the band has D3d point group symmetry, which imposes a constraint on pairing
symmetry. There are two possible odd-parity pairing state allowing Majorana surface states;
i.e., A1u and A2u. The A1u state has full energy gap, and thus, it is a TRS topological super-
conducting state in class DIII. On the other hand, the A2u state has gap-nodes, and the bulk
topological invariant can not be defined. However, in this gapless superconducting state, a
weak topological invariant can be defined in a 2D plane crossing fully gapped region of the
Fermi surfaces. Thus, this state is a weak topological superconductor.
For larger x, the superconducting state of InxSn1−xTe is changed to a conventional state,
which may be an s-wave pairing state.143, 144) If the surface Dirac bands protected by mirror
symmetry still exist for this case, a vortex in the superconducting state can possess the Ma-
jorana zero energy bound state at the intersection between the vortex core and the surface
of the system.76) An interesting feature of these Majorana modes is that they are protected
by magnetic group symmetry: the symmetry of the system under the combination of time-
reversal symmetry operation and mirror reflection results in the enhancement of topological
protection of the Majorana zero modes.60) According to the K-theory argument, zero modes
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in a vortex of a 2D superconductor in class D are classified as Z2, which is protected by
the particle-hole symmetry as discussed in Sect. 3.6. Thus, multiple Majorana zero modes in
the vortex core are not stable, and there is only one topologically protected Majorana bound
state. However, a vortex penetrating the surface of InxSn1−xTe also has the above-mentioned
magnetic group symmetry when the vortex line is parallel to the mirror plane of the system,
the existence of which guarantees the topological protection of the surface Dirac cone. Then,
the mirror Chern number on this mirror plane leads to the Z classification of the vortex core
zero-energy bound states. The existence of multiple Majorana zero-energy modes is allowed
in this case. This state is regarded as a topological crystalline superconducting vortex state.
5.4 URu2Si2: Weyl superconductor
The heavy fermion system URu2Si2 exhibits the superconducting transition at Tc = 1.45
K. According to thermal transport measurements, which detected the nodal structure of the
gap function, a possible pairing state consistent with the space group symmetry is the spin-
singlet dxz + idyz pairing state.145) (Also see Ref. 146) The gap function of this state for small
|k| is proportional to kz(kx + iky), which is regarded as the p + ip-wave symmetry multiplied
by the kz factor. This pairing state breaks time-reversal symmetry in the orbital degrees of
freedom, and thus this material is a promising candidate of a 3D chiral superconductor. The
gap function has point nodes for kx = ky = 0 at the north and south poles of the Fermi
surface, for which kz = k0 and kz = −k0, respectively. Here ±k0 is the Fermi momentum at
the k-points with kx = ky = 0, and for simplicity, we assume nearly spherical Fermi surface
centered around the Γ point. These points nodes are Weyl points, which possess monopole
charge in the momentum space, and thus this system is a Weyl superconductor.147–151) The
basic properties of Weyl superconductors are reviewed in section 12. For −k0 < kz < 0
and 0 < kz < k0, the spin-singlet dxz + idyz pairing state has the nonzero Chern number
C = 2 on the xy-plane for fixed value of kz. Here the factor 2 is due to spin degeneracy.
On the other hand, C = 0 for |kz| > k0. This implies that the point-node of the gap function
possesses the monopole charge ±2 in the momentum space. Thus, the situation is similar to
Weyl semimetals for which the Chern number on the 2D k-plane between two Weyl points is
nonzero. For Weyl superconductors, it is expected that anomalous thermal Hall effect occurs
because of the nonzero Chern number, as discussed in Sect.9. See section 12 for details.
The spin-singlet dxz + idyz pairing gap has a line-node on the kz = 0 plane, and corre-
spondingly, it has a zero energy flat band on the (001) surface.149–151) However, its associated
topological invariant is an accidental chiral symmetry, and the surface flat band is fragile
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against the surface misorientation.151) On other surfaces, topological surface arc associated
with the coexistence of line and point nodes exists.151)
Time-reversal symmetry breaking of the chiral pairing state of URu2Si2 was recently ex-
amined by the measurement of the Kerr effect.152) Furthermore, the recent measurement of
the Nernst effect strongly supports the chiral pairing state of this material.147, 148) The Nernst
effect is a transverse thermoelectric responses akin to the Hall effect, and a good probe for
superconducting fluctuations. A colossal Nernst signal was observed for URu2Si2 above and
close to the transition temperature Tc.148) Surprisingly, this signal becomes larger for cleaner
samples, which is inconsistent with the prediction of conventional theories of superconduct-
ing fluctuations. Also, the strong enhancement of the Nernst signal appears in the temperature
region where a vortex liquid is not realized. Thus, the dependence on the purity of samples is
not due to pinning effect of vortices. This remarkable experimental result can be understood
by considering the chiral character of Cooper pair fluctuations.147) Chiral superconducting
fluctuations give rise to asymmetric skew-scattering of electrons, leading to the giant Nernst
effect, which is akin to the anomalous Hall effect. This scenario successfully explains the
above-mentioned experimental observation, confirming the realization of chiral Cooper pairs
in URu2Si2.
5.5 UPt3: crystalline topological superconductor or Weyl superconductor
UPt3 is a heavy fermion superconductor with Tc ∼ 0.5 K. The NMR measurement sup-
ports the realization of a spin-triplet pairing state.153) Under applied magnetic fields, three dif-
ferent superconducting phases appear. The pairing symmetries of these phases are still contro-
versial. However, recent experimental studies strongly indicates that there are two promising
candidates for the pairing state in the low temperature and low field region, which is the so-
called B phase.154, 155) One is expressed in terms of the E1u representation of the space group
symmetry of this compound154) and the other one is the E2u representation.155) Also, even
within the E1u representation, there are two possible pairing states, the E1u planar f -wave
state and the E1u chiral f -wave state.156) The E1u planar pairing state is characterized by the
d vector of the form d(k) ∝ λab + λbc where b and c are the lattice vectors of the hexagonal
lattice of UPt3, and λa(b) = ka(b)(5k2c − k2) with a, b, and c the axes of the hexagonal lattice.
Also, for higher magnetic fields parallel to the c-axis, the d-vector rotates, and changes to
d(k) ∝ λab + λba within the B phase. On the other hand, the E1u chiral pairing state and the
E2u pairing state break the time-reversal symmetry, and their d vectors are, respectively, given
by d(k) ∝ c(ka + ikb)(5k2c − k2), and d(k) ∝ c(ka + ikb)2kc.
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We, first, consider the E1u planar f -wave state. The gap function of this state has line
and point nodes, which give rise to gapless excitations, and thus, it is not a bulk topological
superconducting state in the usual sense. However, as elucidated by Tsutsumi et al.,157) for
fixed kb = 0, the E1u pairing state has chiral symmetry Γ defined by the product of the
time-reversal symmetry operation T , the particle-hole symmetry operation C, and the mirror
symmetry operation with respect to ac-plane Mac: i.e. Γ = TCMac and the BdG Hamiltonian
H(k) satisfies {Γ,H(k)} = 0 for kb = 0. Then, using this chiral symmetry, we can define a
1D winding number w(kc) for kb = 0 which characterizes the Z non-triviality. For the E1u
state, we have w(kc) = ±2 for kc ≤ kF , and zero for other kc. That is, Majorana modes
appear on a surface normal to the a-axis, with the energy dispersion ∼ ±vkb. These surface
Majorana modes are protected by the combination of time-reversal symmetry, particle-hole
symmetry, and mirror symmetry, and thus the E1u pairing state is a crystalline topological
superconducting state.
On the other hand, the E1u and E2u chiral pairing states break time-reversal symmetry.
Since there are point nodes of the gap at ka = kb = 0, and the Fermi surface of UPt3 is
three dimensional,158) a single-particle excitation from these point nodes behaves as a Weyl
fermion, as in the case of URu2Si2. The point node of the E1u chiral state, d(k) ∝ c(ka +
ikb)(5k2c − k2), has the monopole charge qm = ±1, while the E2u state, d(k) ∝ c(ka + ikb)2kc,
has qm = ±2. Then, the Chern number on the ka − kb plane for fixed kc between the two
point nodes of the E1u (E2u) chiral state is equal to 2 (4). Here, the factor 1 (2) from the
momentum dependence of d-vector, and the other factor 2 from the spin degeneracy. Because
of the nonzero Chern number, there are Majorana arcs on the surface BZ for surfaces parallel
to the c-axis. As in the case of URu2Si2, the anomalous thermal Hall effect, the Kerr effect,
and the Nernst effect due to chirality fluctuation are expected to occur.
For the E2u state, there exists a line node on the kc plane, which may result in a flat band
in the (001) surface. A line node in an odd parity superconductor is, however, topologically
unstable.159) Correspondingly, the flat band on the (001) surface is fragile against surface
misorientation and the surface Rashba spin-orbit interaction.151)
5.6 Cd3As2: Superconducting Dirac semimetal
Dirac semimetals are 3D materials that possess gapless Dirac points in the bulk BZ, whose
low-energy excitations are effectively described as Dirac fermions. Cd3As2 is one of recently
discovered Dirac semimetals,160–167) in which a superconducting phase transition has been
reported.168–170) Because of the experimental observation of a zero bias conductance peak in
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the tunneling conductance,169) topological superconductivity is expected. Actually a recent
theoretical analysis indicates that unique orbital texture of Dirac points favors topological
superconductivity with a quartet of surface Majorana fermions.171, 172)
6. Non-Abelian Statistics
6.1 Exchange operation of Majorana zero-energy modes
One of the most intriguing and remarkable features of Majorana zero-energy modes in
superconductors is that they obey non-Abelian statistics, which is significantly different from
Fermi statistics and Bose statistics.10, 14–16) This novel quantum statistics is a variant of anyon
statistics which is realized in fractional quantum Hall effect states, and basically realized in
2D systems. However, we note that it is also possible to generalize the non-Abelian statistics
to three dimensions, which will be discussed in the next subsections. As is well known, the
conventional quantum statistics is characterized by the change in the U(1) phase of a many-
body wave function arising from the exchange of identical particles, and hence the many-body
state does not depend on the order of the exchange processes. In other words, the exchange
operations constitute an Abelian group. In contrast, for non-Abelian statistics, exchange op-
erations of particles are non-commutative, i.e. a different order of exchange operations of
particles leads to different many-body states. As a matter of fact, the particle-exchange oper-
ations (or more precisely, braiding operations173)) are described by non-Abelian unitary op-
erators that act on the (topological) ground state space. Originally, it was proposed by Read,
Green, and Ivanov that a vortex with a Majorana zero mode in its core obeys non-Abelian
statistics.10, 16) However, we would like to stress that non-Abelian statistics is a more general
property of Majorana zero modes in topological superconductors, irrespective of whether
they are realized in vortex cores or at open-boundary edges of a sample.
Let us consider N Majorana zero-energy modes located at spatial positions denoted by 1,
2, 3, ... , N in a topological superconductor, whose fields are respectively given by γ1, γ2, γ3,
..., γN . Here, all Majorana fields satisfy,
γ2i = 1, (88)
γiγ j = −γ jγi for i , j. (89)
A key factor of the non-Abelian statistics of Majorana modes is the following rule for the
exchange (braiding) of any pairs of two Majorana fields, γi and γ j.
γi → γ j, γ j → −γi. (90)
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We will see in the next subsection that the exchange (braiding) rule (90) gives rise to the
non-Abelian statistics of Majorana zero-energy modes. Note that in Eq. (90) one Majorana
field changes its sign, while the other does not. This peculiar behavior is often understood
as an effect of the phase-winding of a vortex where a Majorana fermion exists: i.e., vortices
with Majorana modes accompany a branch cut at which the phase jumps by 2π, and thus, the
braiding of two vortices leads to a phase change of π in one of the Majorana fields when the
Majorana fermion traverses the branch cut.16, 17) However, as mentioned before, non-Abelian
statistics is realized even for Majorana edge states in a nanowire, and Eq.(90) also holds
in such cases without vortices.174, 175) To see this, let us consider the braiding of γ1 and γ2
more precisely. To proceed with the argument, we assume that the topological ground state
is separated from the first excited state by a finite energy gap, and the exchange is carried
out adiabatically within this ground state manifold. Then, the Majorana zero modes are still
Majorana zero modes after the exchange operation. This exchange operation is described by a
unitary operator U1,2. We recall that all Majorana fields are expressed by linear combinations
of fields of electrons with coefficients given by the wave function of the BdG Hamiltonian.
Thus, according to the adiabatic theorem, after the braiding operation, γ1(2) is moved to γ2(1)
with an additional phase factor denoted by s2(1). Then, we obtain,
s2γ2 = U1,2γ1U†1,2, s1γ1 = U1,2γ2U
†
1,2. (91)
Since s21γ21 = 1, and γ21 = 1, we have s1 = 1 or −1. Similarly, s2 = 1 or −1. Combining the Ma-
jorana zero modes γ1 and γ2, we can construct a complex fermion field ψ12 = (γ1+iγ2)/2. The
occupation number of the complex fermion n12 = ψ†12ψ12 is 1 or 0. Thus, the state that consists
of γ1 and γ2 only is doubly-degenerate. More generally, if N = 2m with m an integer, we can
construct m complex fermion fields from 2m Majorana fields, and each complex fermion state
is occupied or unoccupied, which leads to a total degeneracy 2m. This is so-called topological
degeneracy. We note that this degeneracy can not be lifted by local perturbations as long as
the system is isolated. This property is important in connection with the application to topo-
logical quantum computation, which we will mention later. Since Majorana fields are given
by the superposition of original electron fields, the total number of the complex fermions is
equal to the number of quasiparticles that arise from the breaking of Cooper pairs in a su-
perconductor. This implies that the parity of the total occupation number must be preserved
for an isolated system, since the destruction or creation of a Cooper pair changes the number
of quasiparticles only by 2. Hence, the degeneracy is reduced to 2m−1 for each parity sector.
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Keeping this in mind, we, now, consider how the occupation number,
n12 = ψ
†
12ψ12 =
1
2
(1 + iγ1γ2), (92)
is affected by the exchange of γ1 and γ2. Operating U1,2 on n12, we obtain,
U1,2n12U†1,2 =
1
2
+
i
2
U1,2γ1γ2U†1,2 =
1
2
− i
2
s1s2γ1γ2. (93)
Here, we used Eq.(91). In the case of N = 2, i.e. there are only two Majorana zero modes
γ1 and γ2, the parity of the occupation number n12 must not be changed by the exchange
operation. Then, we have s1s2 = −1. On the other hand, in the case of N > 2, it is not so trivial
whether or not the parity of n12 is changed by U12. However, if each Majorana zero modes
are spatially well separated, the exchange of γ1 and γ2 can not affect the occupation numbers
of complex fermion states composed of the other Majorana zero modes, i.e. ni j = ψ†i jψi j with
ψi j = (γi + iγ j)/2 for i, j = 3, 4, 5, ..., N, and i , j. Otherwise, the exchange of γ1 and γ2
can affect fermion states infinitely far away from them! Thus, n12 = U†1,2n12U1,2 holds, and
we obtain s1s2 = −1. This leads to the rule (90). Depending on the gauge and the choice of
left-handed or right-handed rotation, we have s1 = 1, s2 = −1, or s1 = −1, s2 = 1. Note that
in the above argument, the presence or absence of vortices does not play any role, and hence
Eq.(90) holds for any Majorana zero modes realized in topological superconductors.174, 175)
The unitary operator Ui, j for the exchange operation of γi and γ j can be conveniently
expressed as,16)
Ui, j = exp
(
−π
4
γiγ j
)
=
1√
2
(1 − γiγ j). (94)
It is easy to verify that Eq. (94) leads to the following exchange rule:
γ j = Ui, jγiU†i, j, −γi = Ui, jγ jU†i, j. (95)
6.2 Non-Abelian statistics
As mentioned above, non-Abelian statistics is characterized by non-commutativity of the
exchange operation of identical particles.10, 14, 16) To demonstrate this, we consider a simple
system that consists of four Majorana fermions, γ1, γ2, γ3, and γ4. Let us see what happens
when the Majorana fermion γ3 is moved adiabatically around the Majorana fermion γ1, and
returns to the initial position; i.e., the trajectory encircles γ1, which amounts to twice the
exchange operation of γ1 and γ3.(Fig.5) An important observation is that the Majorana fields
γ1, γ2, and γ3 constitute the Pauli matrices,
−iγ1γ2 = σz, −iγ2γ3 = σx, −iγ3γ1 = σy. (96)
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Fig. 5. Moving the Majorana fermion γ3 around the Majorana fermion γ1.
We can verify that σx,y,z defined above actually satisfy the commutation relation for the Pauli
matrices, [σµ, σν] = 2iǫµνλσλ with µ, ν, λ = x, y, z. It is also noted that from Eq. (92), the
occupation number of the complex fermion ψ12 = (γ1 + iγ2)/2 is expressed by the eigenvalue
of σz, i.e. n12 = 12(1 − σz). We denote the state vector with the occupation number n12 as
|n12〉, which is also the eigenstate of σz; i.e. σz = 1 for |0〉 and σz = −1 for |1〉. Then, since
exchanging γ1 and γ3 twice is expressed as (U3,1)2 = e− π2γ3γ1 = −γ3γ1 = −iσy, the resulting
states after the operation are
(U3,1)2|0〉 = |1〉, (U3,1)2|1〉 = −|0〉. (97)
Thus, this operation changes the parity of the occupation number of ψ12; i.e. an electron
state |1〉 is transformed into a hole state |0〉 and vice versa. In the next section, we will see
that this property can be utilized for experimental detection of the non-Abelian statistics. As
mentioned before, the parity of the total number of quasiparticles should not change in the
superconducting state. In fact, under the above operation, the parity of the occupation number
n34 of ψ34 = (γ3 + iγ4)/2 is also changed, and the total change of the parity cancels. The state
composed of the four Majorana fermions γ1, γ2, γ3, and γ4 is completely specified by the
occupation numbers n12 and n34. We denote this state as |n12, n34〉 = (ψ†12)n12(ψ†34)n34 |0, 0〉.
Since the parity of n12+n34 must be preserved, there are two sets of doubly-degenerate states,
i.e. {|1, 1〉, |0, 0〉}, and {|1, 0〉, |0, 1〉}. The exchange operation of any two of the four Majorana
fermions acts on these doubly-degenerate states. For instance, the exchange of γ1 and γ3
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results in,
U3,1|1, 1〉 =
1√
2
(|1, 1〉 − |0, 0〉), (98)
U3,1|0, 0〉 =
1√
2
(|1, 1〉 + |0, 0〉), (99)
U3,1|1, 0〉 = 1√
2
(|1, 0〉 − |0, 1〉), (100)
U3,1|0, 1〉 = 1√
2
(|1, 0〉 + |0, 1〉). (101)
These transformation rules are obtained as follows. We, first, note that from ψ12|0, 0〉 =
ψ34|0, 0〉 = 0, and ψ12|0, 1〉 = ψ34|1, 0〉 = 0, it follows that γ1|0, 0〉 = −iγ2|0, 0〉, γ3|0, 0〉 =
−iγ4|0, 0〉, γ1|01〉 = −iγ2|0, 1〉, and γ3|1, 0〉 = −iγ4|1, 0〉. Then, we have |1, 1〉 = ψ†12ψ†34|0, 0〉 =
γ1γ3|0, 0〉, |0, 0〉 = −γ1γ3|1, 1〉, |1, 0〉 = ψ†12|0, 0〉 = γ1γ3|0, 1〉, and |0, 1〉 = ψ†34|0, 0〉 =
−γ1γ3|1, 0〉. Using these relations and Eq.(94), we obtain Eqs.(98)-(101).
As seen in Eqs.(98)-(101), the exchange operation U31 is the unitary transformation in
the 2D degenerate spaces. More generally, the exchange operations of Majorana fermions
defined by (94) are non-Abelian unitary transformation. The non-commutativity of Ui j can
be easily verified as
Ui, jU j,k − U j,kUi, j = −γiγk = i(2nik − 1). (102)
Since nik = 1 or 0, the operation of Eq.(102) on any state leads to a nonzero eigenvalue. Thus,
Majorana zero-energy states in superconductors obey non-Abelian statistics characterized by
the noncommutativity of particle exchange.
There have been several proposals on how to realize the braiding operation of Majorana
fermions. We will discuss some of these ideas briefly at the end of Sect. 10.
6.3 Non-Abelian statistics in three dimensions
In standard textbooks of quantum mechanics, it is explained that in three spatial dimen-
sions, exchanging the positions of two identical point-like particles twice results in the same
state as the original one. In other words, in three dimensions, the exchange of two particles
is trivial, and only Bose or Fermi statistics is possible. However, as explained in the section
6.1, the exchange rule (90), which is the basis of the non-Abelian statistics, holds for Majo-
rana zero modes in superconductors irrespective of spatial dimensions. In fact, it was clarified
by Teo and Kane that the non-Abelian statistics of Majorana zero modes is possible even in
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three-dimensional systems, when there are point-like defects with Majorana zero modes in a
superconductor.176) They demonstrated that such a defect is realized in heterostructure sys-
tems such as the intersection of a vortex of an s-wave pairing and the interface between a
topological insulator and a trivial superconductor. Suppose that there is a vortex line perpen-
dicular to the interface between the superconductor and the topological insulator. The vortex
line is terminated at the interface, and the zero-energy Majorana mode appears at this end
point of the vortex, behaving as a non-Abelian anyon. An important point here is that the
point defect is not really a point-like object, but is spatially extended. This is because of the
texture structure composed of the spatially-varying order parameter of the superconductor
and the band gap which spatially varies from a negative value in the topological insulator
region to a positive value in the trivial superconductor region. Because of such additional de-
grees of freedom, the exchange of two particles can be non-trivial, in contrast to conventional
quantum statistics. It was also elucidated by Freedman et al. that the non-Abelian statistics of
spatially-extended defects with zero modes is associated with projective ribbon permutation
statistics, where a texture accompanying a zero mode is intuitively regarded as a ribbon, at
the open edge of which there is a localized zero mode.177) Also, the non-Abelian statistics in
three dimensions is possible in three-dimensional network of nanowires in which Majorana
zero modes appear at boundaries between a topological sector and a trivial sector.
6.4 Proposal for experimental detection of non-Abelian statistics
There are several proposals for experimental schemes of detection of non-Abelian statis-
tics. A remarkable feature of non-Abelian statistics is the non-commutativity of particle ex-
changes. Thus, an important issue is how one can detect the non-commutativity in experimen-
tally observable quantities. Most of these proposals utilize certain kinds of interferometers,
in which the exchange of Majorana fermions can be achieved when a Majorana edge mode
travels encircling a vortex Majorana zero mode inside the bulk of a superconductor.178–181)
(see Fig.6) The signature of the noncommutativity appears in transport properties of the in-
terferometers. A simple example is a class D topological superconductor attached to a single
metallic lead (Fig.6). A more sophisticated approach proposed by Grosfeld and Stern182) is to
utilize the interplay between the Aharonov-Bohm effect and Aharonov-Casher effect.
6.4.1 One-lead conductance measurement
We consider the setup shown in Fig. 6, in which the bulk is a class D topological su-
perconductor in two dimensions.178) For simplicity, we assume that there is only one chiral
38/
J. Phys. Soc. Jpn. INVITED REVIEW PAPERS
Majorana gapless mode on the 1D edge of the system. There is a finite tunneling amplitude
between electrons (or holes) in the lead and the gapless edge state. The Hamiltonian for this
tunneling process with amplitude t is given by183)
Htun = i
t
2
γ(0)
∑
σ
[cσ(0) + c†σ(0)], (103)
where γ(0) is the Majorana field for the edge state at r = 0 where the lead is attached,
and cσ(0) and c††(0) are electron annihilation and creation operators with spin σ at the same
point, respectively. Equation (103) implies that only one of the real fields, γ1, that constitute
the complex field ψ = (γ1 + iγ2)/2 couples with the Majorana edge state, and the other
field γ2 is decoupled. Let us consider the situation that there is one vortex inside the bulk
superconductor, which contains one Majorana zero mode. We denote the Majorana field for
the vortex core state as γ3. The tunneling between the lead and the superconductor induces
the injection of γ1 into the Majorana edge state. The injected Majorana fermion travels along
the circumference of the superconductor encircling the Majorana zero mode γ3 in the vortex
core, and returns to the lead, constituting the electron (or hole) field ψ† (ψ) with γ2 again. In
this process, twice the exchange operation of γ1 and γ3 occurs, which is expressed by (U31)2
as explained in the section 6.2. Then, from Eq.(97), the occupation number of an electron
n = ψ†ψ in the lead is changed by this process; i.e. the electron state in the lead is completely
converted into the hole state and vice versa. We can generalize this consideration to the case
that there are multiple vortices inside the bulk superconductor. If the number of vortices
with a single Majorana zero mode in each vortex core is odd, the conversion between the
electron state |1〉 and the hole state |0〉 occurs with probability of unity after the above process.
Hence, we arrive at the noteworthy consequence that the conductance for the attached lead is
quantized as 2e2/h when the number of enclosed vortices is odd.178)
The quantized conductance can be derived explicitly by using scattering theory. Here,
we follow a sophisticated argument presented by Li, Fleury, and Bu¨ttiker.181) For simplicity,
we consider the case that there is only one chiral Majorana zero mode on the edge of the
superconductor and one channel of conduction electrons in the lead, and that there are also nv
vortices with Majorana zero modes in the core in the bulk of the superconductor. Hereafter,
it is assumed that the vorticity of each vortex is unity. nv must be odd, since the total number
of Majorana fermions including the edge state and the vortex core states, which emerge from
the splitting of the original electrons into two parts, must be even. Then, the scattering matrix
for electrons and holes at the junction connects the incoming state of electrons and holes
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Fig. 6. (Color online) Setup of an interferometer for the detection of the non-Abelian statistics. A disk-shaped
topological superconductor in class D is attached to a metallic lead. There is a vortex in the superconductor with
a Majorana zero mode γ3 in the core. A chiral Majorana edge mode γ1 propagates along the circumference of
the disk, encircling the Majorana fermion γ3. This setup realizes the braiding of the Majorana fermions γ1 and
γ3.
(ψ†in, ψin) and their outgoing state (ψ†out, ψout):
ψout
ψ
†
out
 = S

ψin
ψ
†
in
 . (104)
Here, spin indices are omitted. In fact, for any realistic proposals to realize non-Abelian statis-
tics in class D topological superconductors, the spin-orbit interaction and the Zeeman effect
split the Fermi surface into two parts, and only one of them is relevant to the topological
superconducting state.43, 87, 89, 90) Thus, there is only one type of fermions which is the super-
position of an up-spin state and a down-spin state. ψ and ψ† can be expressed in terms of
Majorana fields γ1 and γ2 via,
ψ
ψ†
 = 1√2

1 i
1 −i


γ1/
√
2
γ2/
√
2
 . (105)
Thus, transforming the electron-hole basis into the Majorana basis, we obtain the scattering
matrix for Majorana modes as,
S M =
1
2

1 1
−i i
 S

1 i
1 −i
 . (106)
As mentioned above, only γ1 couples to the chiral Majorana edge mode, leaving γ2 unaf-
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fected. Then, S M is expressed as
S M =

rM1 0
0 1
 , (107)
where rM1 is the reflection amplitude for the Majorana fermion γ1. rM1 can be derived in
the following manner. At the junction between the lead and the superconductor, the Majo-
rana state γ1 tunnels into the chiral Majorana edge state γ with tunneling amplitude
√
1 − r20,
where r0 is the bare reflection amplitude of γ1 at the junction. Traveling around the super-
conducting region, the Majorana state acquires the phase change θ = nvπ + π + kL with k the
wave number of the chiral Majorana mode, and L the circumference of the superconductor.
The second term of θ, π, arises from the Berry phase due to the rotation of the spin. Note that
for realistic proposals mentioned before, the spin-orbit interaction combined with the Zee-
man effect gives rise to a spin texture structure on the Fermi surface. For instance, in the case
of a superconductor with the Rashba spin-orbit interaction λσ · (ky,−kx, 0), the direction of
spin is in the xy-plane and perpendicular to the propagating direction. Hence, the motion of a
Majorana fermion along the circumference accompanies the rotation of the spin by 2π, result-
ing in the Berry phase π. After traveling around the edge, the Majorana mode tunnels again
into the γ1 state in the lead with probability
√
1 − r20. Then, the amplitude for this single-turn
process is −(1 − r20)eiθ, where the first minus sign arises from backward scattering. In a sim-
ilar manner, the amplitude for the Majorana mode moving around the circumference of the
superconductor n-times with successive tunneling into the lead is given by −(1 − r20)rn−10 einθ.
Then, the total amplitude for the reflection is
rM1 = r0 − (1 − r20)eiθ − (1 − r20)r0ei2θ − (1 − r20)r20ei3θ − · · ·
=
r0 − eiθ
1 − r0eiθ
. (108)
The scattering matrix in the electron-hole basis S is obtained from Eq.(106),
S =

see seh
she shh
 = 12

rM1 + 1 rM1 − 1
rM1 − 1 rM1 + 1
 . (109)
The current due to the Andreev reflection at the junction in the zero temperature limit is given
by
I =
2e
h
∫ eV
0
dE|she|2, (110)
|she|2 = (r0 − 1)
2
2
· 1 + cos θ
1 + r20 − 2r0 cos θ
, (111)
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where V is the bias-voltage applied to the lead, and E = vMk with vM velocity of the chi-
ral Majorana edge state. Note that when nv is odd and θ = 2π × integer, |seh|2 = 1 in the
limit of E → 0, irrespective of the value of r0, as seen from Eq.(111). Thus, we obtain the
quantized conductance G = dI/dV |V→0 = 2e2/h. On the other hand, when nv is even, i.e.
θ = π × (odd integer), |seh|2 = 0, and hence, G = 0 irrespective of r0. In fact, in the case
of even nv, there is no chiral Majorana zero mode on the edge of the superconductor, be-
cause, as mentioned before, the total number of Majorana fermions including the edge state
and the vortex core states, which emerge from splitting of the original electrons into two
parts, must be even. The vanishing zero-bias conductance G = 0 for even nv is consistent
with this physical picture. The quantized conductance G = 2e2/h irrespective of the coupling
strength between the lead and the superconductor in the case of odd nv is remarkable, char-
acterizing the non-Abelian character that leads to the perfect conversion between an electron
and a hole, i.e. Eq.(97). The above argument can be generalized to more realistic cases with
multiple conducting channels in the lead. In such cases, one of the Majorana fermion fields
from electrons (or holes) in the lead couples to the chiral Majorana edge mode, if there is
only one chiral edge mode, leading to the quantized conductance for this channel. However,
because of contributions from other channels that are not involved with perfect Andreev re-
flection mediated via a Majorana zero mode, the total conductance is not quantized generally.
Thus, the observation of the non-Abelian character of Majorana fermions using the one-lead
conductance measurement is rather difficult for realistic experimental setup. We need more
sophisticated interference experiments for the detection of the non-Abelian statistics, which
will be discussed in the next subsection.
It is noted that the above calculation for odd nv can also be applicable to the case of a
nanowire, for which a Majorana edge state is localized at the junction between the normal
lead and the superconducting wire. In this case, θ = 0, and thus we obtain the quantized
conductance G = 2e2/h. However, underlying physics for the origin of the quantized conduc-
tance here is slightly different from that in the case of 2D systems. In the 2D cases considered
above, the quantized conductance is a result of the braiding of Majorana fermions, featuring
the non-Abelian character, while in the case of nanowires, it is due to the perfect conversion
of electrons and holes caused by the Andreev reflection mediated via a Majorana zero mode.
6.4.2 Aharonov-Bohm effect and Aharonov-Casher effet
As seen in the previous section, the conductance does not depend on the number of vor-
tices nv encircled by the trajectory of the propagating chiral Majorana edge mode when nv
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is odd. This implies that in the case of odd nv, there is no Aharonov-Bohm (AB) effect with
respect to the magnetic flux threaded in the superconductor. We note that this remarkable fea-
ture is not due to the charge neutrality of Majorana fermions. In fact, there is a sign change
of a Majorana field, when it encircles a single vortex, as can be seen from the expression for
a Majorana field in terms of electron fields:
γi =
∑
σ
∫
dr[u0σi(r)ei
φ
2 c†σ(r) + v0σi(r)e−i
φ
2 cσ(r)], (112)
where φ is the phase of the superconducting gap. Instead, however, the absence of the AB
effect is understood as a result of the non-commutativity of Majorana fermions, i.e. the non-
Abelian character.184, 185) When a Majorana fermion travels along the surface edge of the
superconductor, the braiding of the Majorana edge mode and a Majorana bound state in a
vortex core in the superconductor occurs, and the Majorana edge state acquires a phase. An-
other incoming quasiparticle gives rise to another braiding. However, this does not commute
with the previous one because of Eq.(102), and hence the resulting state cannot be an eigen-
state of both of these two braiding operators. This results in dephasing of the interference.
Thus, the absence of the AB effect signifies non-Abelian statistics. A scheme utilizing this
property for the detection of non-Abelian statistics was proposed by Grosfeld and Stern.182)
They considered Josephson-coupled superconductors threaded by a magnetic flux, in which
there is a Josephson vortex at the junction, and furthermore an electric charge Q is placed in a
hole of the superconductor as well as the magnetic flux Φ (see Fig.7). A key idea is to use the
Aharonov-Casher (AC) effect associated the Josephson vortex which carries a Majorana zero
mode. The AC effect is realized by changing the role of a charged particle and a magnetic flux
in the AB effect; i.e., a quantum mechanical particle with a magnetic dipole moving around a
charge flux (an electric field) acquires a phase due to the gauge field associated with the elec-
tric field. Thus, the vortex current Jv carried by the conventional Josephson vortex without a
Majorana fermion exhibits a periodic dependence on the charge Q in the hole of the system,
Jv ∼ Jv0 + Jv1 cos(2π Q2e ). However, in the setup considered here, the Josephson vortex harbors
a Majorana zero mode, and hence the AC effect of the moving Josephson vortex disappears
when the number of vortices in the center hole nv is odd; i.e., there are an odd number of
Majorana fermions in the inner part of the junction system encircled by the trajectory of the
Josephson vortex. The absence of the AC effect is due to the above-mentioned mechanism of
dephasing arising from the noncommutativity of Majorana fermions in the Josephson vortex
and in the inner part of the junction.
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Fig. 7. (Color online) Setup for the detection of the non-Abelian statistics based on the AC effect. The system
consists of three part of topological superconductors, which are connected via Josephson junction regions. The
Josephson vortices with Majorana zero modes can propagate along the junction, encircling the charge Q at the
center of the system, which leads to the AC effect.
7. ”Fractionalization”– 4pi-periodic Josephson Effect
As seen in previous sections, a Majorana fermion field of superconductors emerges from
separating the real and imaginary parts of a complex fermion field of an electron. In this
sense, an electron fractionalizes into two Majorana fermions. It should be noted that this is
not fractionalization arising from intrinsic topological order which is realized in the frac-
tional quantum Hall effect states, and leads to fractionalized quasiparticles. In fact, there is
no intrinsic topological order in topological superconductors. However, the ”fractionaliza-
tion” into Majorana fermions gives rise to some interesting electromagnetic properties. One
of the most remarkable phenomena is the 4π-periodic Josephson effect.20, 21, 186) To explain
this, let us consider the Josephson junction system with a ring geometry shown in Fig.8,
where a magnetic flux Φ threads the hole of the ring. This is a superconductor-insulator-
superconductor junction, and the phase difference between the two junction separated via
the small insulating region is φ = 2e
~
Φ. Then, the single-electron tunneling Hamiltonian is
H1t = −teiφψ†σ1ψσ2 + h.c., where ψσ1 and ψσ2 are electron fields at two junctions. Also, in the
case with Majorana zero-energy modes, the mode expansion of the electron fields is given by
ψσi = uσi(x)γi + (non-zero energy modes), (113)
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Fig. 8. (Color online) (Upper panel) Setup for the 4π-periodic Josephson effect. Majorana zero modes γ1 and
γ2 exist at the edges of the topological superconducting wire, which are connected via an insulator, constituting
the Josephson junction. The flux Φ penetrates the ring composed of the superconducting wire and the insulating
junction. (Lower panel) Energy as a function of Φ for the 4π-periodic Josephson junction.
with i = 1, 2. Thus, the single-electron tunneling Hamiltonian reads,
H1t = JMiγ1γ2 cos
φ
2
, (114)
where JM is a real constant. In addition, there is also a usual Josephson coupling term for
Cooper pair tunneling, which is expressed as H2t = J cosφ with J the Josephson tunneling
amplitude. Since the system is isolated, the total charge number is conserved, and hence, it
is an eigenstate of the fermion parity given by Eq.(92), i.e., iγ1γ2 = 1 or −1. As seen from
Eq.(114), this eigenstate of the parity exhibits 4π-periodicity of the Josephson current as a
function of φ. This implies that the Josephson current is not carried by Cooper pairs with
charge 2e, but rather by particles with charge e; i.e., the ”fractionalization” of Cooper pairs
occurs.
The experimental exploration of the 4π-periodic Josephson effect was achieved by
Rokhinson et al.187) They used a quasi-1D nanowire with proximity-induced superconduc-
tivity for the realization of a topological superconductor. In this case, there are two additional
Majorana zero-energy end states at the two open edges as well as those at the junction. Thus,
the fermion-parity at the junction is not conserved, but the mutual exchange of the fermion
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parity between the junction and the open edges occurs. In this situation, the transition between
the two parity-eigenstates occurs, and the periodicity of the Josephson current is changed to
2π, which is the same as that in the conventional Josephson effect. However, as clarified by
San-Jose, Prada, and Aguado,188) the 4π-periodicity is partially recovered in the case of the ac
Josephson effect, for which nonadiabatic transitions between states with the same fermion-
parity are allowed. The measurement of Shapiro steps, which demonstrates the ac Josephson
effect, was carried out by Rokhinson’s group187) and double the height of the Shapiro steps
was observed. This observation may be a signature of the 4π-periodic Josephson effect. How-
ever, to this date, no other experimental groups have succeeded in confirming this observation.
It is noted that the ”fractionalization” character of Majorana fermions is also detectable
via thermodynamic measurements of topological entanglement entropy. For details, see, e.g.,
Refs. 189–191.
8. Non-local Correlation Between Majorana Fermions and Teleportation
As mentioned before, we can interpret the emergence of a Majorana fermion in a super-
conductor as the splitting of a complex fermionic field of an electron into real and imaginary
parts. From this viewpoint, one may expect a non-local correlation between two spatially
separated Majorana fermions. This is indeed the case for certain situations.19, 22–25) To deal
with this issue, we consider a simple toy model of a 1D topological superconductor with a
Majorana zero-energy mode localized at the open boundaries of the system. (See Fig.9) We
denote Majorana fields for these edge states at x = 0 and L as γ1 and γ2, respectively. For this
system, the mode expansion of an electron operator with spin σ at x, ψσ(x), is given by
ψσ(x) =
∑
i=1,2
uσi(x)γi + (non-zero energy modes). (115)
The non-local correlation can be immediately seen from the long-distance behaviors of the
correlation function 〈ψσ(x)ψ†σ(y)〉. Since uσ1(2) is localized around x = 0 (L), and there are
no low-energy excitations other than the Majorana edge states, we have, for x ∼ 0 and y ∼
L,19, 23, 24)
〈ψσ(x)ψ†σ(y)〉 ∼ uσ1(x)u∗σ2(y)〈γ1γ2〉. (116)
As mentioned in the previous sections, the topological superconducting phase is the eigen-
state of the parity operator iγ1γ2 = 2n−1 with n12 = ψ†12ψ12, as long as the system is isolated.
Thus, the correlation function (116) is non-zero even for |x − y| → ∞, which signifies non-
local correlation resulting from the existence of Majorana zero modes. This non-local corre-
lation affects the tunneling probability of electrons mediated via Majorana zero modes in an
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interesting way. Let us consider electron tunneling from one end at x = 0 to the other end at
x = L. The tunneling amplitude is proportional to the correlation function (116), which is in-
dependent of the distance between the two edges L. This remarkable L-independent behavior
of the tunneling is referred to as ”teleportation”. However, the experimental detection of this
”teleportation” is a tricky issue, because of the following reason. To distinguish whether an
electron detected at x = L comes from the opposite edge at x = 0 via tunneling or is created
from breaking up a Cooper pair in the superconductor, we need to detect the parity state of
ψ12 simultaneously. Also, we note that this ”teleportation” does not break causality, because
the information of the one end state, say at x = 0, must be transferred to the observer at x = L
in a classical way to detect the above-mentioned tunneling process. Furthermore, to probe
the Majorana end state, one needs to couple the boundary edge with a lead that results in the
failure of parity conservation.192) Then, the systems is no longer in the eigenstate of γ1γ2, and
the average of this operator leads to the vanishing of the correlation Eq.(116).22) Concerning
the last point, however, the situation is changed, when there is a finite overlap of the wave
functions of two Majorana edge modes, and the topological degeneracy associated with the
fermion number parity iγ1γ2 = ±1 is lifted. In this case, the value of 〈γ1γ2〉 is determined by
the lowest of the two states with n12 = 0 and 1. If the energy splitting between these levels
is sufficiently larger than the typical excitation energy of electrons in the attached lead, the
transition between the states with n12 = 0 and 1 is suppressed, and the non-local correlation
Eq.(116) survives.24) We note that the correlation Eq.(116) is still independent of the distance
between the two edges L, though the overlap between the two Majorana end states depends
on L.
The non-local correlation may be detected by tunneling experiments. The Hamiltonian for
tunneling processes between the Majorana end state of the 1D topological superconductor and
external leads is expressed by,22, 183)
HT =
∑
k,σ
∫
dx[tk(x)c†kσψσ(x) + h.c.]
=
∑
k,σ
∑
i=1,2
[Vkσic†kσ − V∗kσickσ]γi, (117)
where ckσ (c†kσ) is an annihilation (creation) operator for an electron in the leads, Vkσi =∫
dxtk(x)uσi(x), and tk(x) is the tunneling amplitude. We have used Eq.(115) to derive
Eq.(117). Vkσ1 and Vkσ2 are the effective tunneling amplitudes between electrons in the leads
and Majorana fermions in the superconductor at x = 0 and x = L, respectively. Using
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Fig. 9. (Color online) 1D topoogical superconductor with Majorana fermions γ1 and γ2 at the edges x = 0
and L, respectively. Metallic leads are attached to the open edges in the lower panel.
ψ12 = (γ1 + iγ2)/2, we rewrite the above equation in the form,
HT =
∑
k,σ
[V (−)kσ c†kσψ12 + V (−)∗kσ ψ†12ckσ
+V (+)kσ c
†
kσψ
†
12 + V
(+)∗
kσ ψ12ckσ], (118)
where V (±)kσ = Vkσ1 ± iVkσ2. The first line of the right-hand side of Eq.(118) corresponds to the
normal tunneling processes between electrons in the leads and the non-local fermion ψ12. On
the other hand, the second line of (118) expresses the Andreev scattering processes mediated
via the non-local fermion. In the case that the two Majorana fermions are well separated,
and the the level splitting EM of the two Majorana modes induced by finite overlapping is
sufficiently smaller than bias voltage V applied to the lead, local Andreev reflection at each
junction dominates, and the non-local correlation does not appear.22) In fact, by integrating
out the ψ12 fermion, we obtain a term of the form (Vkσ1V−kσ′1 + Vkσ2V−kσ′2)c†kσc†−kσ′ which
corresponds to the local Andreev reflection, and dominates the crossed Andreev reflection
term of the form Vkσ1V−kσ′2c
†
kσc
†
−kσ′ . However, in the case of the opposite situation, i.e. EM ≫
V , crossed Andreev reflection mediated via ψ12 occurs; an electron injected to one end of the
superconducting wire is converted to a hole emitted from the other end, characterizing the
non-local correlation.24)
A more remarkable non-local correlation effect appears in a mesoscopic topological su-
perconductor in which the charging energy effect is not negligible. This sophisticated idea
was first proposed and examined by Fu.25, 193, 194) An important point of this idea is that for
sufficiently large Coulomb energy, the charge conservation induces the phase fluctuation of
the superconducting gap, which suppresses the local Andreev reflection mentioned above. Let
us consider a 1D mesoscopic-size superconductor which is not grounded, but has a capacitor
inserted between the system and the ground. Note that the zero energy states with n12 = 0 and
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n12 = 1 are still degenerate, though the total number of Cooper pairs pair are constrained by the
charging energy. Thus, for sufficiently large charging energy, and with a suitable bias voltage,
which controls the total number of electrons in the superconductor, the lowest energy states
are doubly degenerate corresponding to n12 = 0 and 1. There are two possibilities for the
doubly-degenerate states; i.e., (i) (Npair, n12) = (N, 0) and (N, 1), (ii) (Npair, n12) = (N − 1, 1),
and (N, 0). In the case (i), the number of Cooper pairs is not changed, while, in the case (ii),
the change of n12 from 0 to 1 accompanies breaking of a Cooper pair. To take into account
the phase fluctuation explicitly, we include the phase operator φ in the mode expansion of an
electron field, Eq. (115),
ψσ(x) =
∑
i=1,2
uσi(x)γie−i
φ
2 + (non-zero energy modes), (119)
Then, for the case (i), the tunneling Hamiltonian between the normal metal leads and the
superconductor, which couple at x = 0 and L is,193)
HT =
∑
k,σ
[Vkσ1c†kσψ12 + iV∗kσ2ψ†12ckσ + h.c.] (120)
To derive Eq.(120), we have applied a gauge transformation to the ψ12 field. Equation (120)
implies that the single-electron tunneling from terminal 1 to terminal 2 mediated via the non-
local fermion ψ12 occurs, in spite of the absence of single-particle excitations in the bulk
of the superconductor at sufficiently low temperatures. Remarkably, this tunneling process
is independent of the length of the superconductor. It may be legitimate to call this process
”teleportation” of single electron mediated via Majorana fermions. This effect is a result of
the non-local correlation of Majorana fermions γ1 and γ2. On the other hand, for case (ii), we
have,193)
HT =
∑
k,σ
[Vkσ1c†kσψ†12e−iφ + iV∗kσ2ψ12ckσeiφ + h.c.]. (121)
Since eiφ (e−iφ) is the raising (lowering) operator for the number of Cooper pairs, the first
(second) term of Eq.(121) creates (annihilates) the ψ12 fermion accompanying the breaking
(formation) of Cooper pairs, preserving the total electron charge. Equation (121) also implies
the single-electron tunneling from terminal 1 to terminal 2 mediated via ψ12, causing ”tele-
portation” of electrons. As a matter of fact, after integrating over the ψ12 field in Eq.(120)
or (121), we obtain a term of the form Vkσ1V∗k′σ′2c†kσck′σ′ , and there is no Andreev scatter-
ing term. The above results can be understood as follows. The phase fluctuation suppresses
the Andreev reflection mediated via Majorana bound states at open edges, in contrast to the
case without charging energy expressed by Eq.(118). As a result, only normal single-particle
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tunneling processes survive because of the charge conservation, leading to the tunneling be-
tween electrons at the two open edges mediated via the Majorana modes. We stress that this
”teleportation” does not break causality because of the above-mentioned reason. This effect
can be experimentally detected as the AB effect. Let us consider the setup shown in Fig.10,
which consists of a topological superconducting wire with Majorana zero modes at boundary
edges attached to a normal metal lead, constituting a ring geometry threaded by a magnetic
flux. Because of the single-electron resonant tunneling mediated via Majorana modes, at suf-
ficiently low temperatures for which the quantum coherence of electrons in the normal metal
lead is retained, the AB effect with the periodicity 2φ0 with φ0 = h/2e appears. This is in
strong contrast with the case without Majorana zero modes, for which the AB effect is ab-
sent, since the single-electron coherence is suppressed by the superconducting gap, and the
coherence of Cooper pairs does not survive in the normal metal lead.
The above result also implies that the charge transport of the topological superconducting
nanowire via the two Majorana end states leads to the quantized conductance G = e2/h,
which is a half of the conductance in the case of the Andreev scattering mediated via the
Majorana zero mode discussed in Sect.6.4.1. This is due to the suppression of the Andreev
scattering at the two ends as mentioned above. The conductance G = e2/h also characterizes
the ”teleportation” of an electron through the superconducting nanowire via the Majorana
end states.25, 193)
We close this section by mentioning that non-local correlation also appears as the entan-
glement of spin states of Majorana fermions.195, 196) For instance, for a topological supercon-
ducting wire in the class D, the spin density of a Majorana end state is correlated with that
at the other open end. The detection of the spin correlation at two open ends may signify the
existence of Majorana fermions.
9. Thermal Responses of Majorana Fermions
In some cases, topological invariants characterizing topological phases can appear in ex-
perimentally observable quantities. A famous and well-established example is the quantum
Hall effect in a 2D electron gas under a strong magnetic field, for which the Hall conductivity
is expressed by the first Chern number (the so-called TKNN number). An analogous effect is
possible in topological superconductors. However, since charge is not conserved in supercon-
ducting states, the Hall conductivity is not quantized. Instead, energy conservation still holds,
which implies that thermal transport can be an effective probe for bulk topological invariants.
For topological superconductors in which Majorana fermions are only low-energy excita-
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Fig. 10. (Color online) Setup for ”teleportation” of electrons via Majorana fermions. The ring-shaped system
consists of a topological superconductor nanowire and a metallic lead. Flux Φ penetrates the ring. There are
Majorana fermions γ1 and γ2 at the edge of the topological superconductor.
tions, Majorana fermions carry the heat current, resulting in the quantum thermal Hall effect.
In this section, we discuss this phenomenon in the case of chiral superconductors with bro-
ken time-reversal symmetry in two dimensions (class C and D) and time-reversal-symmetric
topological superconductors in three dimensions (class DIII).
9.1 Case of chiral superconductors
In the case of chiral superconductors, there are chiral gapless edge states, which break
time-reversal symmetry by carrying spontaneous heat currents without external magnetic
fields. The spontaneous edge currents result in the thermal Hall effect without magnetic fields
in chiral superconductors. This effect was first discussed by Read and Green,10) who exploited
the edge theory of class D superconductors in two dimensions. The chiral gapless edge state
of this system, which propagates only in one direction along the open boundary edge, is a
1D free Majorana fermion, which, via the Jordan-Wigner transformation, is equivalent to the
1+1D Ising model. Thus, this gapless edge state is described by 1+1D conformal field theory
(CFT) of the Ising universality class with the central charge c = 1/2. Since the specific heat
of this CFT is given by cπk
2
BT
6~ , and the velocity of the Majorana edge state and its density of
states cancel with each other, the thermal Hall conductivity is given by κ = cπk
2
BT
6~ . It is noted
that this expression is the same as that for the integer quantum Hall effect, but with c = 1. In
the case of the integer quantum Hall effect, the edge state is a chiral 1D free electron system
which corresponds to the Gaussian universality class of CFT with the central charge c = 1.
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In contrast, a Majorana fermion has half the degree of freedom of a complex fermion field of
an electron, and hence the central charge is equal to c = 1/2.
One can also derive the thermal Hall conductivity from the Kubo formula for bulk heat
current correlation functions.197) In fact, the bulk topological invariant, i.e. the first Chern
number, can be directly related to the Hall conductivity via the expression for the current-
current correlation function. Furthermore, although the derivation based on the CFT analysis
can not determine the sign of the thermal Hall conductivity, the bulk calculation based on real-
istic band structures enables us to obtain the complete expression including its sign. However,
in contrast to the case of charge transport, the calculation of the thermal transport coefficient
based on the Kubo formula is much more involved because of the following reason. First, we
need to introduce a mechanical force that couples to heat currents to apply linear response
theory, since a temperature gradient that practically induces thermal transport cannot be in-
cluded in microscopic Hamiltonian as a potential term. This difficulty is circumvented by
introducing a fictitious gravitational potential Φ that couples to the energy density of elec-
trons, but not to their real mass. Then, heat currents are induced by a gravitational potential
gradient ∇Φ which plays the same role as the temperature gradient ∇T/T . This potential gra-
dient is referred to as a gravitoelectric field, which we denote as Eg = −∇Φ in analogy with
a usual electric field. Second, to obtain a correct expression for the thermal Hall conductiv-
ity, one needs to extract contributions from energy magnetization currents, since circulating
magnetization currents induced by breaking time-reversal symmetry do not participate into
the transport currents generated by an applied temperature gradient. The above two points
were carefully examined by Qin, Niu and Shi, which led to an expression for the thermal Hall
conductivity in terms of the Berry curvature. From their analysis, the thermal Hall conductiv-
ity for transport currents reads as198–200)
κtrxy = κ
Kubo
xy +
2MzE
TV
. (122)
The first term is given by the usual Kubo formula for a heat current correlation function, and
MzE is the gravitomagnetic energy (heat) magnetization, which characterizes the circulation
of the energy (heat) flow. V is the volume of the system. The second term arises from the
extraction of the magnetization current from the total heat current. Equation (122) can be
expressed in terms of the Berry curvature:
κtrxy = −
1
TV
∫
dEE2
∑
kn
Ekn≤E
Im
〈
∂ukn
∂kx
∣∣∣∣∣∣
∂ukn
∂ky
〉
f ′(E), (123)
where |ukn〉 is the periodic part of the Bloch wave function for an electron with momentum k
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in the n-th band, and
〈
∂ukn
∂kx
∣∣∣∣ ∂ukn∂ky
〉
is the Berry curvature in the momentum space, which arises
from a topologically non-trivial structure of the pairing state. f (E) is the fermi distribution
function. By using the Sommerfeld expansion, we obtain the following expression in the
low-temperature limit:197)
κtrxy =
C1(0)
2
πk2BT
6~ , (124)
where C1(E) ≡ ∑n ∫ d2kπ Im
〈
∂ukn
∂kx
∣∣∣∣ ∂ukn∂ky
〉
Θ(E − Ekn), with Θ(x) the Heaviside step function.
When the energy E lies within the energy gap, C1(0) is the first Chern number C (the TKKN
number) defined in Sect. 3.2. For a single-band spinless p + ip superconductor, C1(0) = ±1,
and hence, we obtain κtrxy = ±πk
2
BT
12~ , which coincides with the CFT result mentioned above up
to the sign. The sign of κtrxy is determined by the details of the band structure, i.e., the Berry
curvature.
The above result is directly applicable to various systems showing a chiral superconduct-
ing state. For instance. in the case of Sr2RuO4, which is one of the most promising candidate
of a p + ip chiral superconductor, there are three bands with spin degeneracy, and the Fermi
surfaces of two of them have positive curvature leading to positive Berry curvature, while
the other one has negative Berry curvature. Thus, the total contributions to the thermal Hall
conductivity is κtrxy = πT12 (2 + 2 − 2) = πT6 ∼ 10−4 T (W/K·m). Although this magnitude is
quite small, rendering its experimental detection highly challenging, we believe that it is still
possible to observe this effect by precise measurements. Recently, a detailed analysis of the
gap function for Sr2RuO4 suggested the existence of higher harmonics of the gap function
which leads to large Chern number, and the thermal Hall conductivity κxy = 712πT .
201)
9.2 Case of TRS topological superconductors
For class DIII time-reversal-symmetric topological superconductors in three dimensions,
there are Majorana surface states, which carry heat currents. For this class, the bulk topo-
logical invariant is defined as a winding number which takes any integer value, as explained
in section 3.3, and the winding number w3D is precisely equal to the total number of topo-
logically protected surface gapless Majorana modes. This topological invariant appears in
thermal transport coefficient, as in the case of chiral superconductors. However, an important
difference is that, in this case, one needs to break the time-reversal symmetry to realize the
quantum thermal Hall effect by adding external perturbations to the system. Perturbations
that break the time-reversal symmetry (more precisely chiral symmetry, as will be elucidated
later), induce mass gap of the Majorana surface state, and hence, the 2D surface state exhibits
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the quantum thermal Hall effect, as in the case of 2D chiral superconductors. An effective
theory for the surface state is described by M-species of 2D free Majorana fermions with
mass gaps mi (i = 1, 2, ..., M). We can apply Eq.(123) to these Majorana fermion systems.
Since the first Chern number for a massive Majorana fermion is given by the sign of the mass
sgn(mi)/2, the thermal Hall conductivity of this system is given by,202)
κtrxy =
∑
i
sgn(mi)
πk2BT
24~
= (N+ − N−)
πk2BT
24~
, (125)
where N+(−) is the number of Majorana surface modes with positive (negative) mass. An im-
portant question is how N+ −N− is related to the bulk topological invariant w3D. This is by no
means trivial, because the signs of mass gaps sgn(mi) crucially depend on characters of per-
turbations that generate them. Nevertheless, it is possible that for an appropriate perturbation,
N+−N− = w3D holds. Indeed, for class DIII topological superconductors in three dimensions,
such a perturbation is realized as a chiral-symmetry breaking field.203, 204) The Hamiltonian of
this perturbation is given by,
HΓ =
γ
2
∫
drΨ†(r)ΓΨ(r), (126)
where Ψ(r) is the Nambu spinor, and Γ is the chiral symmetry operation, which acts on the
BdG Hamiltonian HBdG as ΓHBdGΓ−1 = −HBdG; i.e. Γ anticommutes with the Hamiltonian.
γ is a coupling constant. It is obvious that since Γ commutes with itself, HΓ breaks chiral
symmetry. For class DIII topological superconductors, chiral symmetry is realized as a com-
bination of time-reversal symmetry and particle-hole symmetry. In the representation of the
Nambu spinor, Ψ = (ψ↑, ψ↓, ψ†↓,−ψ†↑)T , HΓ = −iγ
∫
dr(ψ↑ψ↓ − ψ†↓ψ†↑); i.e., the imaginary part
of a spin-singlet pairing field. Hence, for a heterostructure system composed of a topological
superconductor with a surface on which a conventional spin-singlet superconductor with a
nonzero imaginary gap is placed, the bulk topological invariant N appears in the quantized
thermal Hall conductivity given by,
κtrxy = w3D
πk2BT
24~
. (127)
An important point here is that the signs of the mass gaps of Majorana surface states generated
by the Γ perturbation exactly coincide with those of the winding number corresponding to the
Majorana surface states, which guarantees the relation ∑i sgn(mi) = w3D.203, 204)
Thermal responses characterized by the winding number also appear in the thermal ana-
logue of magnetoelectric effects, which are referred to as gravitomagnetoelectric effects.203)
To explain such effects, let us consider a system with cylindrical geometry composed of a
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Fig. 11. (Color online) Setup for thermal analogue of magnetoelectric effect. A topological superconductor
with cylindrical geometry is surrounded by a spin-singlet trivial superconductor with an imaginary part of the
gap function.
topological superconductor and a trivial spin-singlet superconductor with the nonzero imagi-
nary part of the gap function, as shown in Fig.11. We here introduce a gravitomagnetic field
Bg, which is associated with a circulating heat (or energy) current, in analogy with a mag-
netic field related to a circulating charge current. We note that Bg is related to the existence
of circulating particle flow, and thus, it is expected that the rotation of the system around
the symmetric axis can induce Bg parallel to the axis. Then, Bg gives rise to the gravitomag-
netoelectric effect, inducing heat polarization Pg along the axis. Furthermore, the response
function of this effect is characterized by the winding number:203)
Pg = ±
πk2BT 2
24~v
w3DBg, (128)
where v is the Fermi velocity of the surface Majorana fermions. The heat polarization Pg can
be detected as the temperature difference between the top and bottom surfaces of the system
shown in Fig.11.
10. Topological Quantum Computation
It was proposed by Kitaev, Freedman and coworkers that non-Abelian anyons can be uti-
lized for the construction of fault-tolerant quantum computation.18, 205–211) As mentioned be-
fore, a topological state with 2N Majorana zero modes has 2N−1-fold topological degeneracy,
which cannot be lifted by local perturbations. The braiding operations of non-Abelian anyons
give rise to unitary operations in these degenerate states, which constitute quantum gates. In
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this proposal, a qubit is made from a set of several non-Abelian anyons such as Majorana
zero-energy modes in topological superconductors. Thus, the qubit is defined as a non-local
object, which ensures stability against decoherence effects caused by local perturbations.
Universal quantum gates can be constructed from one-qubit operations including the
Hadamard gate, the phase gate, and the π/8-gate and the two-qubit controlled NOT (CNOT)
gate. Let us first consider one-qubit operations. One qubit is constructed from four localized
Majorana zero modes represented by Majorana fields γ1, γ2, γ3, and γ4. The state is rep-
resented by |n12n34〉 with n12 and n34, respectively, the occupation numbers of the fermion
operators ψ12 = 12(γ1+ iγ2) and ψ34 = 12 (γ3+ iγ4). For the even (odd) parity sector, the doubly-
degenerate states are |11〉 and |00〉 (|10〉 and |01〉). In the 2D space spanned by these states,
the braiding operators (94) are represented by using the Pauli matrices: U1,2 = (1 − iσz)/
√
2,
U2,3 = (1 − iσx)/
√
2, U3,1 = (1 − iσy)/
√
2. Thus, the braidings of two Majorana fermions
lead to π/2-rotations around the x-, y-, and z-axes. The NOT gate is given by (U2,3)2 = −iσx,
and the phase gate is,
U1,2 = e−i
π
4

1 0
0 i
 (129)
up to a phase factor. Also, the Hadamard gate H is
H ≡ (U2,3)2U3,1 = −i√
2

1 1
1 −1
 . (130)
All one-qubit gates except the π/8-gate can be constructed from the above operations. The
π/8-gate may be realized by topologically unprotected operations such as the fusion of two
Majorana fermions which yields a dynamical phase change,207, 208) The dynamical phase can
be tuned to be equal to π/8. An alternative method for realizing the π/8-gate is to change
the genus of the shape of the system during the braiding of Majorana modes, though the
implementation in real systems is technically challenging.208)
We now consider two-qubit operations. The following argument is based on the seminal
papers by Bravyi and Kitaev.205–207) For brevity, we change the notation of the one qubit state
as |00〉 (or |01〉) → |0〉 and |11〉 (or |10〉) → |1〉. The basis of the two-qubit state space is
{|0〉|0〉, |0〉|1〉, |1〉|0〉, |1〉|1〉}, where the first qubit consists of Majorana fermions γ1, γ2, γ3, and
γ4, and the second qubit consists of γ5, γ6, γ7, and γ8. The CNOT gate for this two-qubit
space is expressed in terms of the Hadamard gate H and the controlled σz:
Λ(σx) ≡

I 0
0 σx

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=

H 0
0 H
Λ(σz)

H† 0
0 H†
 , (131)
with the controlled σz gate,
Λ(σz) ≡

I 0
0 σz
 , (132)
where I is the 2 × 2 identity matrix. Note that |0〉 and |1〉 for the first (second) qubit are the
eigenstates of iγ1γ2 (iγ5γ6) with the eigenvalues −1 and 1, respectively. Then, the controlled
σz gate is expressed as,
Λ(σz) = exp(iπ4(1 − iγ1γ2)(1 − iγ5γ6))
= ei
π
4 exp(−iπ
4
γ1γ2γ5γ6)U1,2U5,6, (133)
where U1,2 and U5,6 are the braiding operators for γ1, γ2, and γ5, γ6, respectively. Furthermore,
the operation exp(−iπ4γ1γ2γ5γ6) can be implemented in the following way. We prepare two
ancillary Majorana fermions γ9 and γ10 in addition to the two Majorana qubits. We also
prepare a state satisfying (γ9 + iγ10)|ψ〉 = 0; i.e., the vacuum state for the complex fermion
operator ψ9,10 = (γ9 + iγ10)/2. Then, it follows that,
exp(−iπ
4
γ1γ2γ5γ6)|ψ〉 = 2U10,6Π(2)+ Π(4)+ |ψ〉
= 2i(U2,1)2(U5,6)2U10,6Π(2)+ Π(4)− |ψ〉
= 2i(U2,1)2(U5,6)2U6,10Π(2)− Π(4)+ |ψ〉
= 2U6,10Π(2)− Π
(4)
− |ψ〉, (134)
where Π(2)± = 12(1 ∓ iγ6γ9) and Π(4)± = 12(1 ± γ1γ2γ5γ9). Π(2)+(−) is the projection operator for the
measurement of the eigenvalue of −iγ6γ9 which results in the eigenvalue +1 (−1). Π(4)+(−) is the
projection to the state with γ1γ2γ5γ9 = +1 (−1). Thus, the measurement of the eigenvalues of
iγ6γ9 and γ1γ2γ5γ9 combined with the braiding operations in Eq.(134) realizes the operation
exp(−iπ4γ1γ2γ5γ6). For instance, if the measurement of −iγ6γ9 and γ1γ2γ5γ9 gives the eigen-
values −iγ6γ9 = 1 and γ1γ2γ5γ9 = 1, respectively, then the braiding operation U10,6 combined
with U1,2 and U5,6 leads to the controlled σz gate Λ(σz), Eq.(133). This completes the real-
ization scheme of the CNOT gate (131). There is also a different approach for the realization
of the CNOT gate, which utilizes two-qubit states composed of six Majorana fermions.209)
In the above scenarios, it is crucial for the readout scheme of the Majorana qubit to carry
out the non-demolition measurement of the fermion parity. The direct measurement of the
Majorana qubit state via the coupling with electronic probes such as STM results in deco-
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herence of the qubit state,192) since, as mentioned before, the coupling with external elec-
tron leads breaks the conservation of the fermion parity. A promising approach for the non-
demolition measurement of the fermion parity is to use the Aharonov-Casher effect.212) When
vortex currents flow encircling an isolated superconducting island that contains Majorana
qubits, the interference of the vortex currents is affected by the fermion parity of Majorana
qubits. This detection scheme does not destroy the fermion parity in the island.
The braiding operation of Majorana fermions that leads to non-Abelian statistics is the
most important factor in all the above schemes. This operation may be carried out by using
the interferometer-type setup considered in Sect.4.4, and also by controlling the bias volt-
age in nanowire superconductors, which transport the position of the Majorana end state of
the wire.96)Another promising proposal is to utilize Coulomb-blockaded quantum dots cou-
pled to Majorana end states of superconducting nanowires.213) In this approach, a change in
the occupation number of electrons in the dot induces the flip of Majorana qubits. Although
this operation is not topologically protected, and requires tuning of the parameters of the
system, its feasibility and controllability are fascinating. The braiding operation can also be
carried out by controlling the tunneling amplitude between two Majorana fermions.214, 215) For
instance, when there are three Majorana fermions γ1, γ2, and γ3 with the tunneling Hamilto-
nian, H = t12γ1γ2 + t23γ2γ3, (t12 > 0, t23 > 0), the Majorana fermion γ1 is transferred to γ3
by changing the parameter t12/t23 from 0 to ∞. The tuning of the tunneling amplitude can be
implemented by controlling the gate voltage,214) or also by controlling the charging energy
via the change in the magnetic flux penetrating a Josephson junction system.216, 217)
11. Interaction Effects
To this date, most of the studies on topological phases have been focused on non-
interacting fermion systems, though there have been some important research works on quan-
tum spin systems and boson systems, where strong interactions play an important role for the
realization of topological phases.218, 219) Effects of electron-electron interaction on topological
insulators and superconductors are not yet fully understood. However, significant progress
has recently been achieved for topological classification of interaction systems in certain
symmetry classes. The interaction between electrons can change the topological classifica-
tion obtained for free-fermion systems. An important example is a time-reversal symmetric
1D topological superconductor in class BDI.220, 221) In the absence of interactions, this class
allows multiple numbers of Majorana zero modes, signifying the Z nontriviality character-
ized by the winding number. Fidkowski and Kitaev showed that mutual interactions between
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fermions preserving time-reversal symmetry can change the Z non-triviality of the 1D BDI
class to the Z8 non-triviality, gapping out eight Majorana modes. Another important exam-
ple is a class DIII superconductor in three dimensions, which is also characterized by the
winding number taking any integer values. Interactions between electrons can change the Z
non-triviality to the Z16 non-triviality.222–224)
11.1 1D class BDI : Z → Z8
The topological phase of the 1D BDI class is characterized by a winding number that
takes integer values; i.e. it has Z non-triviality. Thus, it is possible that there are multiple
Majorana zero modes at the open edges of the system. The essential features of this class
are ingeniously described by the Kitaev Majorana chain model, which is a simple model for
1D spinless p-wave superconductor.20) Let us consider an N-channel Kitaev chain model, the
Hamiltonian of which is,
H =
N∑
α=1
L∑
j=1
[−w(a†jαa j+1α + h.c.) − µ(a†jαa jα −
1
2
)
+∆a jαa j+1α + ∆a
†
j+1αa
†
jα]. (135)
where a jα (a†jα) is the annihilation (creation) operator for a spinless fermion at j-site and in the
α-th channel, and L is the total number of lattice sites along the chain direction. Introducing
Majorana fields γ2 j−1α and γ2 jα satisfying
a jα =
1
2
(γ2 j−1α + iγ2 jα), (136)
we can rewrite the Hamiltonian in the form,
H = i
2
N∑
α=1
L−1∑
j−1
[−µγ2 j−1αγ2 jα + (w + ∆)γ2 jαγ2 j+1α
+(−w + ∆)γ2 j−1αγ2 j+2α]. (137)
We can continuously deform the parameters of the non-trivial phase with ∆ , 0 to the case
with ∆ = w > 0 and µ = 0 without closing the energy gap. The topological character is
maintained by this deformation. The deformed Hamiltonian is,
HD = iw
N∑
α=1
L−1∑
j−1
γ2 jαγ2 j+1α. (138)
Then, the Majorana fermions γ1α at the site j = 1 and γ2Lα at the site j = L are decoupled.
There are N Majorana zero modes at each end of the chain, characterizing the Z non-triviality
of the 1D BDI class. Time-reversal symmetry characterized by the invariance under the com-
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plex conjugate operation K prohibits terms such as iγ1α1γ1α2 , which generates a mass gap for
the Majorana modes. However, mutual interactions between fermions change the situation
drastically. For the case of 1 ≤ N ≤ 3, N Majorana zero modes are still protected by time-
reversal symmetry. For the case of N = 4, there are four Majorana zero modes at one end in
the absence of interactions. We denote the four Majorana fermions at the j = 1 site as γ1, γ2,
γ3, and γ4 omitting the site index for brevity. Then, the time-reversal symmetry allows the
interaction term
Hint = Uγ1γ2γ3γ4. (139)
In the absence of the interaction U = 0, there is fourfold (2 × 2 = 4) degeneracy at the j = 1
site, expressed by the pseudo-spin operators σz1 = −iγ1γ2 and σz2 = −iγ3γ4. The interaction
(139) lifts this fourfold degeneracy to the double degeneracy, (σz1, σz2) = (1,−1), (−1, 1)
or (−1,−1), (1, 1). The case with 5 ≤ N ≤ 7 can be understood as the combination of the
N = 4 case and the N − 4 case. Thus, the cases of 1 ≤ N ≤ 7 are still non-trivial, though
the topological degeneracy is changed by the interaction effect. In contrast, for the case with
N = 8, the topological degeneracy is completely lifted by mutual interactions, and the system
becomes trivial. To see this, we consider eight Majorana fermions at the site j = 1, γα with
α = 1, 2, 3, ..., 8. We divide them into two groups α = 1 − 4 and α = 5 − 8, and introduce the
interaction term,
Hint = U1γ1γ2γ3γ4 + U2γ5γ6γ7γ8, (140)
which lifts the 16-fold degeneracy in the absence of interactions to the four-fold degeneracy
(two sets of the doubly-degenerate state). Let us assume U1,2 < 0, and restrict the argument
within a lower energy state |0〉 that satisfies γ1γ2γ3γ4|0〉 = |0〉 and γ5γ6γ7γ8|0〉 = |0〉. (For the
case of the opposite signs of U1,2, we can use a lower energy state satisfying γ1γ2γ3γ4|0〉 =
−|0〉 and γ5γ6γ7γ8|0〉 = −|0〉) We, now, introduce two sets of auxiliary spin operators,225)
σ(1)x = iγ1γ4, σ(1)y = iγ2γ4, σ(1)z = iγ3γ4, (141)
and
σ(2)x = iγ5γ8, σ(2)y = iγ6γ8, σ(2)z = iγ7γ8. (142)
We can easily see that σ(1)µ and σ(2)µ satisfy the commutation relations σ(1)µ σ(1)ν = iǫµνλσ(1)λ
and σ(2)µ σ(2)ν = iǫµνλσ(2)λ (µ, ν, λ = x, y, z) within the lower energy state |0〉. The eigenstates
of σ(1)z and σ(2)z represent the four-fold degeneracy of |0〉. Thus, introducing the ”exchange
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interaction” between these spins,
Hex = Jσ(1) · σ(2)
= −J(γ1γ4γ5γ8 + γ2γ4γ6γ8 + γ3γ4γ7γ8), (143)
we can lift the fourfold degeneracy. For J > 0, the lowest-energy state is ”spin-singlet”, i.e. a
trivial state with no topological degeneracy. This implies that the Z non-triviality for the non-
interacting 1D BDI class is reduced to the Z8 non-triviality for interacting systems. There
are only seven different topological phases. The above argument is rather heuristic. More
sophisticated argument is presented in Refs.220, 221
11.2 3D class DIII : Z → Z16
Interaction effects on the 3D topological superconductors in class DIII have been stud-
ied by Fidkowski et al., Wang and Senthil, and Metlitski et al.222–224) They showed that an
electron-electron interaction changes the Z non-triviality for non-interacting systems to the
Z16 non-triviality, and thus, 16 Majorana surface states are gapped out by the interaction effect
without breaking the symmetry of the systems, which leads to a trivial phase. To see this, let
us consider 16 surface Majorana states on the (001)-surface of a 3D topological superconduc-
tor. We assume that energies of all the Majorana fermions cross zero at k = 0 for simplicity.
Then, in the absence of the mutual interaction between electrons, the Hamiltonian is
H =
∫
dr
16∑
i=1
χTi (r)(ˆkxσz + ˆkyσx)χi(r), (144)
where ˆkµ = −i∂µ, r = (x, y), and χTi = (γi↑, γi↓). γiσ is the i-th Majorana field with spin σ.
Using the complex fermion fields ψi(r) = χ2i−1(r) + iχ2i(r), we rewrite the Hamiltonian into
that of Dirac fermions,
H =
∫
dr
8∑
i=1
ψ
†
i (r)(ˆkxσz + ˆkyσx)ψi(r). (145)
However, the Dirac fermion field ψi obeys an unusual time-reversal symmetry operation.
Since, under time-reversal T ,
χi↑ → χi↓, χi↓ → −χi↑, (146)
the ψi field transforms as,
ψi↑ → ψ†i↓, ψi↓ → −ψ†i↑,
ψ
†
i↑ → ψi↓, ψ†i↓ → −ψi↑. (147)
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We now add a spin-singlet s-wave pairing interaction term for the Dirac fermion to the free-
fermion Hamiltonian,
Hpair =
8∑
i=1
∫
dr∆(r)ψ†i↑(r)ψ†i↓(r) + h.c. (148)
This pairing term breaks time-reversal symmetry as well as U(1) symmetry, because, as seen
from (147), under T ,
∆→ −∆∗. (149)
Thus, the surface Majorana fermions protected by time-reversal symmetry are gapped out by
the pairing term. To recover time-reversal symmetry, we introduce many vortices of the phase
of ∆, which are not in the Abrikosov lattice state, but fluctuate; i.e. the spatial correlation of
the phase decays exponentially. We consider the situation that vortices exist only for the sur-
face pairing state, and not in the bulk of the 3D topological superconductor. It is known that
there is no thermodynamics phase transition between the normal state and a vortex liquid
state. Thus, in this surface vortex liquid state, time-reversal symmetry as well as U(1) sym-
metry is preserved, though the surface Dirac fermion ψi acquires an energy gap. However, we
need to be careful regarding vortex core states, because there is a Majorana zero mode in a
vortex core of the superconducting state of Dirac fermions.76) For our system with eight Dirac
fermions, there are eight Majorana zero modes in a single vortex core. This situation is simi-
lar to the case discussed in the previous subsection. We can apply the same argument as that
for the 1D BDI model to the eight Majorana zero modes in the vortex core, and we find that
the eight Majorana fermions are gapped out by interaction effects, and are not topologically
protected. Thus, there is no gapless mode in vortex cores in the surface vortex liquid state.
The surface state with 16 Majorana cones is fully gapped by interaction effects, preserving
symmetry of the system; i.e. the bulk and the surface states are topologically equivalent to a
trivial superconducting state. This implies that the Z non-triviality of the 3D class DIII su-
perconductors for non-interacting systems is reduced to the Z16 non-triviality for interacting
systems.
12. Weyl Superconductors
12.1 Basic features
In this section, we briefly review a novel topological superconducting state referred to as
a Weyl superconductor, which is different from, but closely related to topological supercon-
ductors. Weyl superconductors are characterized by nodal excitations from point-nodes of the
62/81
J. Phys. Soc. Jpn. INVITED REVIEW PAPERS
superconducting gap, where the amplitude of the gap function is zero.4, 226) To illustrate the
basic idea, we use a simple toy model of a spinless chiral p+ ip wave superconductor in three
dimensions. The Hamiltonian is,
H =

k2−k2F
2m ∆0(kx − iky)
∆0(kx + iky) − k
2−k2F
2m
 , (150)
with kF the Fermi wavenumber, and ∆0 > 0. There are two point nodes of the superconducting
gap at (0, 0, kF) and (0, 0,−kF). The Bogoliubov quasiparticle excitations from the point nodes
have k-linear energy dispersion which mimics massless Dirac fermions in three dimensions.
A low-energy effective Hamiltonian H+(k) for the nodal excitation from the point node at
(0, 0, kF) can be written in the form
H+(k) = vxkxτx + vykyτy + vz(kz − kF)τz, (151)
where τ = (τx, τy, τz) are the Pauli matrices for the particle-hole space, vx,y,z are the velocities
in the x, y, and z directions. It noted that vx,y,z > 0. Thus, we can adiabatically change the
values of vx,y,z to satisfy vx = vy = vz = 1 without changing the topological features as
explained below. Then, Eq.(151) is recast into
H+(k) = τ · (k − kp), (152)
with kp = (0, 0, kF). This form represents the fictitious “Zeeman interaction” between the
pseudospin τ and “a magnetic field” k − kp. “The magnetic field” in the momentum space
k − kp has a hedgehog-type configuration originating from the point k = kp. Thus, we can
consider that there is a monopole at k = kp with the monopole charge qm = +1. It is noted
that the adiabatic change of the parameters vx,y,z mentioned above, which does not change the
signs of vx,y,z, preserves the monopole charge qm. On the other hand, the nodal excitations from
the point (0, 0,−kF) is expressed by the Hamiltonian,H−(k) = vxkxτx + vykyτy − vz(kz + kF)τz.
We can change the sign of vx and vy by the gauge transformation ∆ → −∆. Also, we can
adiabatically change the values of vx,y,z without changing their signs to satisfy |vx| = |vy| =
|vz| = 1. Then, the effective Hamiltonian for the point node at (0, 0,−kF) is,
H−(k) = −τ · (k + kp). (153)
In this form, the direction of “the magnetic field” in the momentum space is reversed com-
pared with Eq.(152), and then, the monopole charge at k = −kp is qm = −1. We stress
again that the monopole charge, which is a topological quantity, is not changed as long as
the signs of the velocity vx,y,z are not changed. If these point nodes are not degenerated, and
the point nodes have the definite monopole charge, we refer to the nodal excitations from
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the point nodes as Weyl fermions. A Weyl fermion is a gapless Dirac fermion with a def-
inite chirality. The monopole charge mentioned above corresponds to the chirality of the
Weyl fermion. Weyl superconductors are characterized by the existence of Weyl fermions
as nodal excitations, which carry monopole charges in the momentum space. This state is a
superconducting analogue of the Weyl semimetal state, for which Weyl fermons are realized
by closing the energy gap of a topological insulator via time-reversal-symmetry breaking or
inversion-symmetry breaking fields.227–229)
Generally, Weyl fermions with opposite chirality (i.e. opposite sign of the monopole
charge) should appear in pair in Weyl superconductors, because, in the periodic BZ, the
”magnetic flux” generated from the monopole with qm = +1 must be absorbed into the anti-
monopole with qm = −1.75)
The nonzero monopole charge associated with the Weyl point leads to a remarkable con-
sequence, the existence of a Fermi arc on the surface of a sample. To explain this phe-
nomenon, we note again that the ”magnetic flux” generated from the monopole at k = kp
is absorbed into the anti-monopole at k = −kp. This implies that there is a ”magnetic field”
oriented in the direction −kp in the momentum space. The ”magnetic field” in the momentum
space is the Berry curvature, and its integral over the 2D BZ on a plane perpendicular to kp
is the first Chern number (TKNN number). The nonzero Chern number in the 2D momentum
space results in the existence of gapless chiral edge states on the surface of the system. Thus,
there is a gapless chiral excitation on the surface of the sample parallel to kp (see Fig. 12).
This chiral zero-energy state exists on a line segment connecting two k-points on the surface
BZ, which are the projections of the points ±kp onto the surface BZ. The line segment of the
surface zero-energy state is called a Fermi arc. This chiral state consists of Bogoliubov quasi-
particles, and hence the zero-energy states are Majorana fermions. Since the chiral state is in
analogy with the chiral edge state of the quantum Hall effect state and 2D chiral superconduc-
tors, it gives rise to distinct transport phenomena such as the thermal Hall effect without an
applied magnetic field, as discussed in section 9. The anomalous thermal Hall conductivity
for the above model of a Weyl superconductor, (150), is given by the 3D version of Eq.(123);
the sum ∑k is taken over the 3D BZ. In the low temperature limit kBT ≪ ∆, it is given by,
κtrxy =
∑
kz
C1(kz)
πk2BT
12~
, (154)
where C1(kz) is the first Chern number defined on the kx-ky plane for a fixed kz. As mentioned
in section 9, its magnitude is very small κtrxy ∼ 10−4T (W/Km).
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Fig. 12. (Color online) The point nodes at the north and south poles on the spherical Fermi surface are Weyl
points, which possess the monopole charges qm = +1 and −1, respectively. A Majorana Fermi arc appears in the
surface BZ that is parallel to kz-axis. The Fermi arc is terminated at two points that are the projection of the bulk
Weyl points onto the surface BZ. In the bulk, the first Chern number on the kx-ky plane for fixed kz satisfying
−kF < kz < kF is nonzero, C = 1. On the other hand, that for fixed kz with |kz| > kF is zero, C = 0.
12.2 Particle-hole symmetry
Weyl superconductors are different from Weyl semimetals in that they possess particle-
hole symmetry. Here, we will discuss how the particle-hole symmetry imposes constraints
on Weyl fermions. Let us suppose that a Weyl fermion is realized as a nodal excitation of a
spin-triplet superconductor. The particle-hole transformation operator for spin-triplet pairing
states is C = τxK with K the complex conjugate operation. Then, we see that,
−CH+(−k)C−1 = CτC−1 · (k + kp). (155)
Note that CτC−1 · k = −τ · k up to the gauge transformation changing the phase of the
superconducting gap by π, which flips the sign of the off-diagonal component of τ·k. Thus, the
particle-hole tranformation changes H+(k) to H−(k); i.e. the particle-hole symmetry partners
of the monopole in Weyl superconductors is the anti-monopole.
In the case of spin-singlet superconductors, the particle-hole transformation operator is
changed to iτyK. However, the above result also holds for the spin-singlet pairing case.
12.3 Breaking time-reversal symmetry is necessary
We now consider the role of time-reversal symmetry for the realization of Weyl super-
conductors. Applying the time-reversal symmetry operation T = iσyK to H+(k), which pos-
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sesses the monopole charge qm = +1 at k = kp, we obtain,
TH+(−k)T −1 = −τ∗ · (k + kp). (156)
Note that the right-hand side has the monopole charge qm = +1 at k = −kp, because the
complex conjugate operation of τ change the sign of the monopole charge. Also, as shown
above, the particle-hole symmetry ensures the existence of Weyl fermions with the monopole
charge qm = −1 at k = −kp, which is expressed byH−(k). Thus, there are two Weyl fermions
with opposite chiralities at k = −kp; i.e. they form a Dirac fermion represented by a four-
component spinor. Similarly, the time-reversal symmetry operation of H−(k) leads to a Weyl
fermion with the monopole charge qm = −1 at k = kp. Hence, the nodal excitations from the
point nodes are not Weyl but Dirac fermions. It is necessary to break time-reversal symmetry
for the realization of Weyl superconductors.
It is noted that in the case with time-reversal symmetry, there is a helical Fermi arc on the
surface of the system, which consists of two chiral Fermi arc with opposite chiralities. This
state may be referred to as a Dirac superconductivity.60)
12.4 Candidate materials
As already discussed in section 5, there are several candidate systems for Weyl supercon-
ductors.
(i) A-phase of 3He: The model Hamiltonian (150) is realized in the A-phase of the su-
perfluid Helium 3 up to the spin degeneracy; i.e., ∆↑↑(k) = ∆↓↓(k) = ∆0(kx + iky). The spin
degeneracy is trivial in this case, and the monopole charge at each Weyl points is simply dou-
bled. The chiral anomaly associated with Weyl fermions in the A-phase of 3He was verified
by the measurement of forces acting on vortices.4, 230)
(ii) URu2Si2: As discussed in Sect. 5, the heavy fermion superconductor URu2Si2 has the
gap function with chiral dzx + idyz wave symmetry; ∆(k) = ∆0kz(kx + iky). It has point nodes
at the north and south poles on the Fermi surface. On the surface of the system parallel to the
z-axis, a Majorana arc appears, which connects the projected points of the two Weyl points
at the north and south poles on the Fermi surface. Although there is a horizontal line node at
kz = 0, it does not affect the Majorana arc except just at kz = 0. Since this is a spin-singlet
pairing state, there is spin degeneracy, which gives a trivial 2 factor to the monopole charge.
Up to the spin degeneracy, the monopole charges at the nodal points are qm = ±1.148, 149)
(iii) B-phase of UPt3: As mentioned in Sect. 5, there is controversy regarding the pairing
state of the B-phase of the heavy fermion superconductor UPt3. There are three candidate
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pairing states; the E1u planar state, E1u chiral state, and E2u chiral state. Among them, the E1u
and E2u chiral states realize Weyl superconducting states. The E1u chiral state is characterized
by the d-vector, d(k) ∝ c(ka + ikb)(5kc − k2), the chiral part of which is the same as the
chiral p-wave pairing symmetry. On the other hand, the d-vector of the E2u chiral state is
d(k) ∝ c(ka + ikb)2kc, the chiral part of which is equivalent to the chiral d-wave pairing
symmetry. There is also trivial spin degeneracy in both cases. Up to the spin degeneracy, the
point nodes of the E1u ( E2u ) chiral state have the monopole charges qm = ±1 (2). In the case
of the E2u chiral state, there are two Majorana arcs on the surface of the system parallel to the
c-axis.150)
(iv) UCoGe: In the heavy fermion system UCoGe, spin-triplet superconductivity coexists
with ferromagnetism below Tc ∼ 0.6 K.231–234) According to a group-theoretical argument,
there are two possible spin-triplet pairing states in the ferromagnetic phase of UCoGe: (a)
the A-phase with the d-vector d ∼ (a1ka + ia2kb, a3kb + ia4ka, 0), which possesses point
nodes of the superconducting gap at ka = kb = 0, (b) the B-phase with the d-vector
d ∼ (b1kc + ib2kakbkc, ib3kc + b4kakbkc, 0) which possesses a line node of the gap.235) The
NMR measurement carried out by Hattori et al. revealed that the pairing glue of this system
is the ferromagnetic spin fluctuation.236) A microscopic calculation of the upper critical field
for the A-phase successfully explains the unusual behaviors of the upper critical fields of this
system, strongly supporting the realization of the A-phase in UCoGe.236) The A-phase of this
system is indeed the Weyl superconducting state, in which time-reversal symmetry is broken
by the d-vector; i.e., the nonunitary pairing state. The spin degeneracy is completely lifted by
the exchange splitting of the Fermi surface. Thus, the point-nodal quasiparticle excitations of
the A-phase behave as genuine Weyl fermions.
(v) SrPtAs : µSR measurements suggest that time-reversal symmetry is broken in the su-
perconducting phase of SrPtAs.237) According to microscopic model calculations, a chiral
d + id pairing state is a promising candidate of this superconductor state.238) The supercon-
ducting gap function possesses point-nodes characterizing the Weyl superconducting state.
12.5 Superconducting doped Weyl semimetals
An interesting realization of a Weyl superconductor is a superconducting doped Weyl
semimetal.239–241) Upon slight doping, Weyl semimetals have disconnected Fermi surfaces,
each of which surrounds one of the band-touching Weyl points. For time-reversal breaking
Weyl semimetals, a uniform superconducting state on the Fermi surface is found to support
bulk gap point nodes even for a constant s-wave pairing state.239) The existence of point
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nodes in an s-wave state is due to the nonzero Chern number of Weyl points in the normal
state.240–242) For time-reversal symmetry breaking Weyl semimetals, a surface Fermi arc does
not have a partner arc with opposite surface momentum; thus, it cannot participate in a Cooper
pair even in an s-wave superconducting state. As a result, the Fermi arc remains gapless in the
superconducting state; thus there must be point nodes at which the Fermi arc terminates.240)
The Fermi arc in the normal state make it possible to support an exotic surface state with
symmetry-protected crossed flat bands in the superconducting state.240)
13. Concluding Remarks
We make some remarks on recent developments that are not discussed in the main text.
The experimental exploration for Majorana fermions in topological superconductors is still
an important open issue. In particular, the experimental realization of non-Abelian statistics,
which will open the door to future applications to topological quantum computation, is one
of the most crucial and challenging subjects. Toward this goal, we still need to develop our
theoretical understanding of the distinct phenomena arising from Majorana fermions in topo-
logical superconductors, which can be utilized for experimental detection. From this perspec-
tive, it is important to investigate nonadiabatic dynamics of Majorana fermions and related
decoherence phenomena of Majorana qubits. Recently, there have been some advances in this
direction.243–253)
The effects of superconducting fluctuations on Majorana fermion states have also been
studied recently.254–257) It was revealed that the topological degeneracy associated with Ma-
jorana fermions is maintained even for the case of quasi-long-range order with power-law
decay of the superconducting correlation, for which the total electron charge is conserved,
and the phase of the superconducting gap fluctuates.
Another important issue is the investigation of interaction effects discussed in Sect. 11. In
particular, it is possible that novel topological phases emerge on the surface of topological su-
perconductors because of interaction effects.222–224) Exploration for such novel states arising
from interaction effects, which cannot be realized in non-interacting systems, is an important
future issue.
In Sect. 9, we discussed thermal responses of topological superconductors. This subject is
related to the issue of effective field theories that describe topological responses of supercon-
ductors. It is known that for 3D topological insulators, topological field theory is the Axion
electromagnetism action.42) It was proposed that the thermal responses of topological super-
conductors are described by gravitational field theory analogous to the Axion action.204, 258)
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However, it has turned out that the bulk gravitational field theory cannot describe the thermal
Hall effect of topological superconductors correctly, and that thermal responses characteriz-
ing topological features are due to the existence of gapless edge states. This implies that a
bulk-edge correspondence is not apparent in thermal responses259, 260) Also, it was recently
clarified that thermal responses are successfully described by gravitational theory with tor-
sion, which is not included in the conventional theory of gravity.261, 262)
Majorana surface states appear at various interfaces between a topological superconductor
and a topologically trivial system. For an interface between a topological superconductor and
a ferromagnet, odd-frequency Cooper pairs appear in addition to Majorana zero energy states
generically. The relation between these surface states was discussed by several authors.263, 264)
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